
~ Nuclear Physics B21 (1970) 135-157. North-Holland Publishing Company 

HIGH-ENERGY SCATTERING OF PROTONS BY NUCLEI 

R. J. GLAUBER  * 
Lyman Laboratory of Physics,  Harvard University, 

Cambridge, Massachusetts, USA 

G. MATTHIAE 
Physics Laboratory, Istituto Superiore di San#&, 

Istituto Nazionale di Fisica Nucleate, Sottosezione Sanit&, Rome, Italy 

Received 19 February 1970 

Abstract: The theory of high-energy hadron-nucleus collisions is discussed by means 
of the multiple-diffraction theory. Effects of the Coulomb field are accounted for 
in elastic scattering by light and heavy nuclei. Inelastic scattering is treated by 
means of the shadowed single collision approximation at small momentum t rans -  
fer and the corresponding multiple collision expansion at large momentum t r ans -  
fers.  The theory is compared with the measurements  of Bellettini et al. on pro- 
ton-nucleus scattering at 20 GeV/c by finding density distributions for the nuclei 
which provide leas t -squares  fits to the data. The nucleon densities found are 
closely comparable in dimensions to the known charge densities.  The predicted 
sums of the angular distributions of elastic and inelastic scattering reproduce the 
experimental angular distributions fairly closely. 

1. INTRODUCTION 

An i n c r e a s i n g  n u m b e r  of e x p e r i m e n t s  has  b e e n  u n d e r t a k e n  in r e c e n t  
y e a r s  to s tudy the s c a t t e r i n g  or  p r o d u c t i o n  of h i g h - e n e r g y  p a r t i c l e s  in nu-  
c le i .  The  e l e c t r o n  s c a t t e r i n g  e x p e r i m e n t s ,  which a r e  a mong  the e a r l i e s t  
of t hese ,  f u r n i s h  an a c c u r a t e  d e t e r m i n a t i o n  of the n u c l e a r  cha rge  d i s t r i b u -  
t ion.  The  u se  of p r o t o n s  or p ions  as p r o j e c t i l e s  in h i g h - e n e r g y  n u c l e a r  
s c a t t e r i n g  e x p e r i m e n t s  has ,  on the o the r  hand,  h a r d l y  b e e n  m o r e  than  be -  
gun. We sha l l  t ry  to show in  the p r e s e n t  pape r  tha t  such  e x p e r i m e n t s  can  
f u r n i s h  a d e t e r m i n a t i o n  of the dens i t y  d i s t r i b u t i o n s  of n u c l e o n s  c o m p a r a b l e  
in  a c c u r a c y  with the known cha rge  d i s t r i b u t i o n s .  

H i g h - e n e r g y  da ta  on h a d r o n  s c a t t e r i n g  and p r o d u c t i o n  p r o c e s s e s  in nu-  
c l e i  a r e  c o n v e n i e n t l y  a n a l y z e d  by m e a n s  of the m u l t i p l e  d i f f r a c t i on  t heo ry  
of G l a u b e r  [1, 2]. The  app l i c a t i on  of the m u l t i p l e  d i f f r a c t i on  t h e o r y  to da ta  
on u n s t a b l e  p a r t i c l e  p roduc t i on ,  for  example ,  m a k e s  it p o s s i b l e  to eva lua t e  
the u n s t a b l e  p a r t i c l e - n u c l e o n  c r o s s  s e c t i o n  [3]. But such  a p p l i c a t i o n s  of the 
t heo ry  r e q u i r e  knowledge  of the  n u c l e o n  d e n s i t y  d i s t r i b u t i o n s  in nuc l e i ,  and  
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presen t  uncer ta in t ies  regarding  those distr ibutions lead to large  uncer ta in-  
t ies  in the infer red  c ros s  sections.  It would be of great  help to var ious  
a r ea s  of e lementary  par t ic le  physics ,  therefore ,  if these densi t ies  could be 
establ ished more  accura te ly .  

We shall i l lustrate  the application of the multiple diffract ion theory by 
analyzing the data of Bellettini et al. [4] on the sca t te r ing  of 20 GeV/c  pro-  
tons by nuclei. Since the pro ton-nucleon sca t te r ing  amplitude is fair ly well 
known at this energy,  the ability of the theory  to fit the nuclear  c r o s s - s e c -  
tion data furnishes ,  in some measure ,  a tes t  of the accuracy  of the theory.  
Besides checking the theory,  an accura te  fit furnishes ,  as we shall show, a 
determinat ion of the nucleon density function. Several  papers  [5] containing 
in terpre ta t ions  of the data of ref. [4] have, in fact, a l ready been published 
and indicate quite a fair  degree of agreement  between theory and exper i -  
ment. We propose in the present  paper  to base our analysis  on a cons ider -  
ably more  detailed and extensive application of the underlying theory.  

In the exper iment  of Bellettini et al. [4] the angular dis tr ibut ions of pro-  
tons sca t te red  by the nuclei 6Li, 7Li, 9Be, C, A1, Cu, Pb and U have 
been measured  in the range f rom about 2 to 20 mrad.  The experimental  en- 
ergy resolut ion (+ 50 MeV) was sufficient for re ject ing events in which pion 
production took place but far  f rom sufficient for isolating elast ic  scat ter ing.  
The measu red  angular distr ibution r ep re sen t s  instead the summed differ-  
ential c ro s s  sect ions of elast ic  and inelast ic  scat ter ing.  

In sect.  2 we shall f i r s t  br ief ly  review the basic express ions  of the mul-  
tiple diffract ion approximation.  We then give explicitly the formulae  used 
in the calculat ions for both elast ic  and inelastic scat ter ing,  d iscuss ing the 
approximations which are  involved in their  derivation. Coulomb scat ter ing,  
which contr ibutes significantly at the smal les t  angles, has been taken fully 
into account. In sect.  3 we presen t  the resu l t s  of the computations and the 
fits to the data. 

2. THE DIFFRACTION APPROXIMATION 

We begin by considering the general form taken by the elastic scattering 
amplitude for proton-nucleon collision in the diffraction approximation, 
when spin effects are neglected [ i, 2]. If the initial and final momenta of the 
incident particle are ~k and ~k', the scattering amplitude may be written 
as 

ik f e i ( k - k ' )  • f ( k -  k') = ~ b r ( b )  d2b , (1) 

where b is the impact  vector  which l ies in the plane perpendicular  to k .  
The integrat ion over d2b is c a r r i ed  out in this plane. 

The a m p l i t u d e f  given by eq. (1) is the Four ie r  t r ans fo rm of the profi le 
function F(b)  which may be expressed  in t e r m s  of the phase-shi f t  function 
×(b) as F(b)  = 1-  eix(b). The profi le function can be der ived f rom f by 
means  of the inverse  t r a n s f o r m  
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1 ' b 
r ( b )  = ~ f e  -*q" f (q)  d2q .  

When F(b)  depends only upon the magnitude of b, the integrat ion over the 
azimuthal  angle gives the Besse l  function Jo and we have 

f ( k  - k') = ik / Jo(Ik - k'  I b)F(b) bdb . 
o 

By compar ing  this re la t ion with the fami l ia r  par t ia l  wave expansion of the 
sca t te r ing  amplitude, the following cor respondence  is found to hold: 
l+½ -~ kb and 261 ~ x(b), where 51 is the conventional phase shift of the lth 
par t ia l  wave. 

The p ro ton-pro ton  sca t te r ing  amplitude at high energy and smal l  angles 
can be written, neglecting Coulomb effects for the moment ,  as 

f(q) = f(O) e -½fi2q2 , 

where f(O) = (i+ a)ka/4~ and a is the total c ro s s  section. The phase of the 
sca t te r ing  amplitude, which has thus far  been measu red  only in the fo rward  
direct ion,  is thereby assumed  to be constant.  Since, according to ref.  [6], 
the p ro ton-pro ton  and pro ton-neut ron  ampli tudes do not differ significantly 
at 20 GeV, we shall a s sume  that they are  equal. 

For  the p a r a m e t e r s  occur r ing  in the amplitude we have used the values,  
cr = 39.0 mb, fi2 = 10.0 (GeV/c)-Z and ~ = -0.22 which have been der ived 
f rom ref. [7] and more  recent  data [8]. 

2.1. Proton-nucleus collisions 
The sca t te r ing  amplitude for  a pro ton-nuc leus  coll ision,  if we neglect 

the effect of the c.m. motion which will be d i scussed  la ter ,  may be writ ten 
a s  

ik r e i d  "b 
Eft(A) = 

A 

1 

(2) 

where ~i and ~f a re  the initial and final state wave functions of the nucleus 
and A = k - k ' .  The posi t ions of the A nucleons which make up the t a rge t  
nucleus are  defined by the vec to rs  rj, j = 1 , . . .  ,A, and we call s j  the p ro -  
ject ions of these vec to r s  on the plane perpendicular  to k over  which the 
impact  vec tor  b is integrated.  

In the diffract ion approximation the profi le function F(b,  s 1 . . .  SA) is 
wri t ten as A 

i ~ j  ×fib- s j) 
r (b ,  S l . . .  SA) =- 1 - e  i× (~ ' s l '~  "'SA) = 1 - e  1 

A 
= 1 - ~ j  [ 1 -  Fj(b-  sj)] . 

1 
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It is a s sumed  in other words that the overal l  phase-sh i f t  function 
×(b, s 1 • • • SA) is the sum of the phase-shi f t  functions ×j for coll isions with 
the individual nucleons. Eq. (2) is the basic  express ion  which is used for 
the calculation of elast ic  and inelastic sca t te r ing  of protons by nuclei. 

We assume for the presen t  analysis  that the ground state of the nucleus 
can be descr ibed  by means  of the independent par t ic le  model,  i.e. we neg- 
lect all position cor re la t ions  of the nucleons and write ~Pi as a product  wave 
function. Introducing the single par t ic le  densi t ies  pj(rj) we then have 

A 
I~h i ( r l . . .  rA)12 = ~  j pj(rj) , 

1 

where we use the normal iza t ion  condition 

f p j (9 )  d3rj = 1 .  

The form factor  of the single par t ic le  density pj(rj)  is defined as 

Sj(q) = f ei q" r j  pj(r j)d3 U . 

The overal l  density dis tr ibut ion of the nucleus, as given by the sum of the 
single par t ic le  densi t ies ,  is indicated by p(r) and S(q) will be the c o r r e -  
sponding nuclear  fo rm factor .  The normal iza t ion  of the nuclear  density 
dis tr ibut ion is then 

f p ( r )  d3r =A , 

where a o 

so that S(0) = A. 
In the p resen t  calculat ions we shall use,  for the nuclear  density, the 

same  models  as have been widely employed in the analys is  of h igh-energy 
e lec t ron  sca t te r ing  exper iments  [9]. For  the light e lements  (Li, Be and C) 
we use the density which cor responds  to the harmonic  osc i l la tor  potential 
well. The single par t ic le  densit ies Ps(r) and pp(r) for the s -  and p-she l l  
a re  given by 

1 -r2 /a2  2 2 e - r2 /a2  
PS(r) = 7r~ a~ e , pp(r) = 3~2 a ~ o  r , 

is the radial  pa rame te r .  The corresponding fo rm fac to rs  are  

_ ~ a  2 q2 1 2 q2 
Ss(q) = e and Sp(q) = (1-  ~a2q 2) e -~a° 

The total nuclear  density is 

p ( r ) -  f 3 e 
7T : a O a O 

where 5 = ~(A-4). 
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The r m s  radius  of the harmonic  osc i l la tor  well densi ty dis t r ibut ion is 
given by (r2)½ = ao({- 4/A){ and its overa l l  fo rm fac to r  is 

S(q) : A ( 1 -  6 2 2, -¼agq2 -~aoq )e 

For  the nuclei  A1, Cu, Pb and U we use the Woods-Saxon densi ty 

p ( r ) : p  o [exp  (r~_~c) + 1 ] - 1 ,  

where  Po is the normal iza t ion  constant,  c is the 'ha l f -dens i ty '  radius  and 
the p a r a m e t e r  • is r e l a t ed  to the ' su r face  th ickness '  t by t = 4~- ln3 = 4.40T. 
Approximate  express ions  for  Po and for  the r m s  radius  of this densi ty have 
been given by El ton [10]. 

2.2. Elastic nuclear scattering 
By using eq. (2) and the fac tor iza t ion  assumpt ions  of the preced ing  sec -  

tion we find that the e las t ic  sca t te r ing  ampli tude of a nucleus in absence  of 
Coulomb f o r c e s  is given by [1, 2] 

A 
ik f e i a" b {1 - ~ j [ 1 - f pj(rj) F(b  - s j) d3rj]} d2b 

I 

A 
ik feia .b  { 1 - ~ j  [1 -  2-~fe  iq bf(q)Sj(q)d2q]} d2 b (3) =~-~ 

1 

where  F(b) a nd f (q )  a re  the prof i le  function and sca t t e r ing  ampli tude,  r e -  
spect ive ly ,  for  p ro ton-nuc leon  col l is ions  as d i scussed  in sect .  2. 

F o r  the harmonic  osc i l l a tor  densi ty and 4 ~< A -< 16, eq. (3) leads to the 
ampli tude 

FN(A ) = -~ik Jr ei A .b {1 - [1 - 2nikl-L- f e-i q" b f(q)Ss(q)d2q]4 

× [1 - ~ fe  -i q" b f(q)Sp(q)d2q]A-4} d 2 b .  

As a consequence of the gaussian fo rm  taken by f(q), the in tegrat ions  over  
the q - v a r i a b l e s  can be p e r f o r m e d  analyt ical ly  and the r e su l t  wr i t ten  in the 
f o r m  

oo 

FN(A ) = ik f Jo(Ab) {1 - [1 - (1- /~)Gs(b)]4 [1 - (1 - iq)Gp(b)] A-4 } bdb . (4) 
O 

The explici t  exp res s ions  for  Gs(b ) and Gp(b) a re  given in the appendix. 
By introducing a sui table nuclear  phase - sh i f t  function XN(b), eqs. (3) and 

(4) can be wri t ten  in the fo rm  

FN(A ) = ik f ~  Jo(Ab) [1 - e iXN(b)] bdb . (5) 
O 
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When A is la rge  it is not difficult to show [ 1, 2] that the effective nuclear  
phase-  shift function is accura te ly  approximated by 

iXN(b)=_ fp(r)F(b_s)d3r=_ 1 f e - i q . b  2 ~  f(q)S(q)d2q , (6) 

as long as nucleon position cor re la t ions  a re  negligible. We shall r e fe r  to 
this approximation,  which we have used for the nuclei A1, Cu, Pb and U as 
the la rge-A approximation.  For  the light e lements  on the other hand, our 
elast ic  sca t te r ing  calculat ions have been based on eq. (4). The total c ro s s  
sect ion for pro ton-nucleus  sca t ter ing has been calculated f rom the imagi-  
nary par t  of the forward  sca t te r ing  amplitude by means  of the optical theo- 
r em • 

If the nuclear  radius is sufficiently large  compared  to the range of nu- 
c lear  fo rces  the fo rm factor  S(q) will be quite sharply peaked near  the for -  
ward direction,  q = 0. The integral  given by eq. (6) will then be p ropor -  
tional to f(0),  and the cor responding  express ion  for the elast ic  sca t te r ing  
amplitude (5) will reduce to 

FN(A ) = ik ~ Jo(Ab) [1 -e (21ri/k)f(O)T(b)] bdb , (7) 
O 

where the thickness function T(b) is defined by T(b) = fp(b+ kz) dz, k be- 
ing the unit vec tor  along the direct ion of k.  It is the express ion  (7) which is 
mos t  frequently identified with the nuclear  optical model. Since the nuclear  
radius is not in fact  very  much l a rge r  than the force  range,  par t icu la r ly  
for the l ighter  nuclei, we have based our calculat ions on eqs. (4) and (6) in- 
stead. 

2.3. Effects of the Coulomb interaction 
We now consider  the way in which the Coulomb interact ion influences the 

elast ic  scat ter ing.  The Coulomb phase-sh i f t  function for a nuclear  charge  
distr ibution may be defined in the diffraction approximation by introducing 
an (a rb i t ra r i ly  large) atomic screening  radius  Rsc r beyond which the field 
is a ssumed  to vanish. (The value of this screening radius,  as  we shall see, 
does not influence the c r o s s  section.) The overal l  phase shift produced by 
the sc reened  Coulomb field of a nucleus of atomic number Z, is then the 
sum of two t e r m s  which we call ×c(b) and ×scr .  These phases  a re  given 
by [11] 

2 Ze 2 b oo 
[ logb f Tc(b')2nb' db '+  f Tc(b')logb' 2rib' db'] Xc(b) = 

o b 

and 

2Ze 2 
Xscr - /~v log(2Rscr)  , 

where v is the incident par t ic le  veloci ty and Tc(b ) is the thickness function 
cor responding  to the nuclear  charge  distr ibution Pc(r), normal ized  to 
f p c ( r ) d 3 r - -  1. 
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In the l imi t  of a po in t - l ike  cha rge  d is t r ibut ion  the phase  Xc(b) tends to 
the value 

Xpt(b) 2Ze2 = ~  logb , 

which is just  the e x p r e s s i o n  for  the Coulomb phase  of a point cha rge  given 
by the d i f f rac t ion  approx ima t ion  [1]. Th is  Coulomb phase  function c o r r e -  
sponds to the conventional  Coulomb phase  shift  6 l which, in the l imi t  of 
l a r g e  l, can be wr i t ten  as 

Ze2 " (l + ½) 
5 l = ~ log 

The e las t i c  s c a t t e r i n g  ampl i tude due to both the nuc lear  in te rac t ion  and 
the  s c r e e n e d  Coulomb f ield is obtained by adding toge ther  the c o r r e s p o n d -  
ing phase  functions [12], 

oo 

Fel(A) = ik f go(Ab) {1- ei[Xs(b)+Xc(b)+Xscr]}bdb . 
O 

It is convenient  to s e p a r a t e  f r o m  this ampl i tude  the exp re s s ion  for  s c a t t e r -  
ing by a point charge .  We can do that by adding and sub t rac t ing  the quantity 
1 - exp[iXpt(b) + iXscr] in the in tegrand.  After  a r e a r r a n g e m e n t  of the t e r m s  
we then find [11] for  A >> Rsclr 

e-  i×scr  Fel(A) = Fc(A ) + ik ~ Jo(Ab) {eiXp t~b) - e i[Xs~b)+Xc(b)]} bdb , (8) 
O 

where  Fc(h)  is the Coulomb sca t t e r i ng  ampl i tude  for  a point nucleus and is 
given by 

2Ze2k eiq~c 
F c (A) - fiv A 2 

where  

2Ze2 [C + log (A/2k)] 
~Vc = -  --ffv-v 

and C is the Eu le r  constant  (C = 0.577). 
The phase  fac tor ,  which mul t ip l ies  Fel(A) in eq. (8) is the only r e su l t  of 

the calcula t ion which depends on the sc reen ing  rad ius  Rsc  r .  It r e m a i n s  un- 
obse rved ,  of cour se ,  in all  m e a s u r e m e n t s  of nuc lear  s ca t t e r i ng  in tens i t ies .  

For  the heav ie r  nuclei,  A >> 1, the p h a s e - s h i f t  function XN(b) which oc-  
cu r s  in eq. (8) can be taken f r o m  the approx ima t ion  given by eq. (6). When 
A is not l a rge ,  on the other  hand, the e x p r e s s i o n  used  for  XN(b) mus t  co r -  
r e spond  to the one impl ic i t  in eq. (3). For  light nuclei ,  in other  words ,  the 
combined nuclear  and Coulomb sca t t e r i ng  is given for  A >> Rsclr by 
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e - i×sc r  Pel(A) = Pc(A) + ik ~ Jo(Ab) (ei×p t(b) 
o 

A 
- e i×c(b) ~ j  [1 -  -~vl//z fe  -i q" b f(q)Sj(q)d2q]} d2 b . (9) 

1 

For  the ha rmon ic -osc i l l a to r -dens i ty  model of the light nuclei the values of 
the q- in tegra l s  in this express ion  a re  given in eq. (4) and the appendix. 

2.4. Correction for the center-of-mass correlation 
It has been shown [2] that, when momentum and energy conservat ion is 

taken fully into account, the amplitude Ffi(A) takes the fo rm 

A A 
, 

Ffi(A) = ~  f e  z ~f({rj})F(b,s I 

(lO) 

This express ion  differs  f rom eq. (2) only by the p resence  of the delta func- 
tion in the integrand which expres ses  a const ra in t  on the nuclear  c.m. We 
now consider  the effect of that const ra int  on the elast ic  scat ter ing.  If the 
densit ies are  of gaussian form,  the c o r r e c t  nuclear  sca t te r ing  amplitude 
~el(A), i.e. the one which follows f rom eq. (10) can be wri t ten as 

ge l (A)  = R(A) Fe l (A)  . (11) 

In this express ion Fel(A) is the approximate  amplitude we have d iscussed  
in the previous sect ions,  and the co r rec t ion  factor  is given by [13] 

R(A) = e (r2)/6A A2 (12) 

Similar ly ,  for the harmonic  osc i l la tor  density [13, 14], the co r rec t ion  fac-  
tor is R(A) = exp (a2A2/4A). 

No simple analytic co r rec t ion  factor ,  can be found, however,  for much 
more  general  fo rms  of the density function. For tunate ly  we a re  able to de- 
scr ibe  the light nuclei, for which the co r rec t ion  is significant by means  of 
the harmonic  osc i l la tor  density. For  the heavier  nuclei the co r rec t ions  
given by eq. (12) are  p resumably  only approximate  but it r ema ins  sa t i s fac-  
tory  to es t imate  them in this way since they a re  numer ica l ly  quite small .  

2.5. Inelastic scattering 
We are  in teres ted  here  not in the intensity of a specific inelastic pro-  

cess  but ra ther  in the total intensity of inelastic scat ter ing.  What is meas -  
ured  in the exper iment  of Bellettini et al. [4] is essent ia l ly  the quantity 
~flFfi(A) 12, where the sum extends over all final nuclear  s ta tes ,  in which 
no par t ic le  production takes place. Included in the sum, of course ,  is the 
state f = i which r ep re sen t s  e last ic  scat ter ing.  The use,  in evaluating this 
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sum, of the comple teness  p roper ty  for the set  of final s tates  of the nuclear  
sys tem leads to an express ion  for the sum which contains only the ground 
state wave function [1]. If we then subt rac t  the elast ic  differential  c r o s s  
section,  we obtain the total inelast ic intensity which can be written as 

i Ffi(A ) t2 ~ ) 2  f e i A .  ( b - b ' ) l ~  1 : j [1 -  Mj(b)-M~j(b')+aj(b, b')] 
f ¢ i  

A 
- ~ [ j  [(1 - Mj(b))(1 - M~( b'))] I d2b d2b' ' 

1 
(13) 

where we have used the notation 

Mj(b) = f pj(rj) r ( b  - sj)d3rj 

for an integral  of a type a l ready cons idered  in sect.  2.2, and we have de- 
fined 

~2j(b, b') -- f pj(rj)F(b- sj)r*(b'-s  j)d3rj . 

The c r o s s  sect ion given by eq. (13) is best  evaluated by making cer ta in  
fur ther  approximat ions.  It is worth noting f i r s t  that the functions Mj(b) and 
f~j(b, b ' )  a re  in general  a good deal smal le r  than unity in magnitude. H we 
call the interact ion range a and the nuclear  radius R, then the functions Mj 
and ~j  are  typical ly  not l a rge r  in magnitude than a2/R 2. For  the l a rge r  nu- 
clei these functions assume numerica l  significance only when their  effects 
a re  summed over many nucleons. Another p roper ty  of the functions f~j 
worth noting is their  shor t - range  charac te r .  Unlike the functions Mi(b) which 
vanish only for b ~ R + a, the functions ~j(b, b') vanish unless  the l~mpact 
vec to r s  b and b '  a re  within about two interact ion ranges  of one another,  
I b -b '] ~ 2a. 

For  sufficiently large  values of the momentum t rans fe r  A it is c lear  that 
the integrand of eq. (13) will osci l la te  rapidly unless  the impact  vdctors  b 
and b '  have near ly  the same component a l o n g / I .  In pa r t i cu la r  for A >> R- 1 
it becomes  possible to approximate  the integral  in eq. (13) by dropping f rom 
the integrand some t e r m s  of o rder  a2/R 2, provided we a re  careful  to r e -  
tain all of the t e r m s  which can lead to effects of order  Aa2/R2. With such 
an approximat ion eq. (13) can be simplif ied to the form,  

IFfi( ) J2 : 2 f J  • 
f ¢ i  1 

× j[l+~tj(b,b')]-i  d2bd2b ' . 
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Since the functions M. and ft. a re  smal l  in magnitude it is c o r r e c t  fo rA  >> 1 J 
and fair ly accura te  even for A as small  as 6 to replace  the A-fold  products  
by exponential functions. We have then [2] for A >> R-1 

iFfi(A ) 12 = ~ ) 2  f eiZl . (b-b')  ei[XN(b)-x~(b')] [e~2(b, b ' )  

f ¢ i  

in which we have wri t ten 

and, according to eq. (6), 

A 
~(b,b')  = ~ j  ~j(b,b')  

1 

I Ffi(A)12 = 
f ¢ i  

A 
i×N(b) = - ~ j Mj(b) . 

1 

- 1] d2b d2b ' , 

(14) 

× l exp ~T(B) f 'f(q) :2d2ql-ll d2b d2B , (15) 

In which T(B) is again the thickness function defined in sect .  2.2. This ex- 
p ress ion  for the inelast ic c ro s s  section is mos t  easi ly evaluated by expand- 
ing the exponential function within the curly brackets .  The resul t ing se r i e s ,  
which takes the form of a species  of multiple sca t te r ing  expansion [1, 2], is 
given by 

IFfi(A) 1 2 = N 1 If(All2 + N2 12 12 d2q (16) f+i  f i / ( q )  I /ca-q)  + . . . ,  

where the d imensionless  coefficients N n are  defined as 

1 e-(~T(b)[(~T(b)]n Nn -- n!--S f d2b . (11) 

Since each t e rm of the expansion takes the attenuation of the incident beam 
explicitly into account,  the p r o c e s s e s  descr ibed  have been r e f e r r e d  to as 
shadowed multiple sca t te r ing  [ 11]. 

Since the attenuation of nucleons t ravel l ing central ly  through even me-  
dium-weight  nuclei is quite appreciable,  the pr incipal  contributions to the 
in tegrals  N n come f rom the sur face  regions  of these nuclei. Measurements  

Some fur ther  insight into the distr ibution of inelast ic sca t te r ing  for 
la rge  A can be obtained by assuming at this point that the nuclear  radius is 
a good deal l a rge r  than the force  range. In that case ,  by exploiting the 
sho r t - r anged  cha rac te r  of the functions F(b)  and ~2(b, b ')  in compar i son  
with the long-ranged  cha rac te r  of the functions p(r) and ×N(b), we can r e -  
duce the differential  c r o s s  sect ion for inelast ic sca t te r ing  to the fo rm [2] 

f eia 
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of the inelast ic sca t te r ing  for A >> R-1 the re fo re  tend to determine nuclear  
sur face  p a r a m e t e r s ,  and of these pr incipal ly  the sur face  thickness [2]. 

When the nucleon-nucleon sca t te r ing  amplitude is given by the Gaussian 
pa rame t r i za t ion  introduced in sect.  2, the multiple sca t te r ing  integrals  are  
easi ly evaluated and the se r i e s  (16) is found to take the form 

= 1 cn- 1 _~2A2/n (18) ]Ffi(~)J 2 If(o) l 2 ~ ~Nn e , 

f ¢ i  n= 1 

in which the expansion p a r a m e t e r  E is given by 

1+~ 2 

16n fi2" 

It is worth noting that the angular dis tr ibut ions contributed by the succes -  
s ively higher o rde r s  of multiple sca t te r ing  dec rease  more  and more  slowly 
with increas ing  momentum t rans fe r .  Since for  20 GeV/c  incident protons  
the p a r a m e t e r  ~ has the value 0.21, the se r i e s  (18) converges  fa i r ly  rapidly 
for  smal l  values of A. For  large A, however,  it is evident that the se r i e s  
will converge somewhat more  slowly. Far  enough f rom the forward  d i rec -  
tion, in fact,  the angular distr ibution will be dominated by double, then 
t r iple ,  then quadruple scat ter ing,  etc. 

Since the radi i  of the l ighter  nuclei a re  not in fact many t imes  l a rge r  
than the interact ion range it is more  accura te  to calculate their  c r o s s  sec-  
t ions by means of eq. (14) than by means of eqs. (16) or (18). The use of 
eq. (14), however,  is p rac t ica l  only if the integrat ions which a re  requi red  
in o rder  to obtain the functions XN(b) and ~(b,  b ' )  can be ca r r i ed  out anal- 
yt ical ly.  For  the case of the harmonic  osc i l la tor -wel l  density functions the 
in tegrals  can indeed be evaluated in closed form.  The resul t ing functions 
XN(b) and ~2(b, b ' )  a re  l is ted in the appendix. 

Direc t  numer ica l  computation shows that for 6Li the c ros s  sect ion given 
by eq. (18) is about 20% lower than that given by eq. (14). For  A1, on the 
other hand, the difference of the c ros s  sections is only about 3%. We have 
therefore  used eq. (14) to descr ibe  the l a rge -ang le  inelast ic sca t te r ing  by 
the nuclei l ighter  than A1, and eq. (18) to descr ibe  the sca t te r ing  by A1, Cu, 
Pb and U. 

We turn next to the description of the inelastic scattering in the region 
of small momentum transfers, A ~ R- I. This is, of course, the region in 
which the contribution of the elastic scattering to the intensity observed is 
vast ly  g rea t e r  than the contribution of the inelast ic  scat ter ing.  It is not 
neces sa ry ,  therefore ,  to at tempt to descr ibe  the inelast ic sca t te r ing  as ac-  
cura te ly  at smal l  angles as we have at large angles where it contr ibutes  
near ly  all of the observed  intensity. 

We have a l ready noted in connection with eq. (18) that as /x becomes  
smal l ,  shadowed single coll ision p r o c e s s e s  tend to make up near ly  all of 
the inelast ic scat ter ing.  We can evidently approximate  the inelast ic sca t -  
te r ing at small  angles,  therefore ,  by re turning to eq. (13) and extract ing 
the shadowed single coll is ion t e rm f rom it. Since we are  no longer as -  
suming A >> R-1  it is not possible to neglect all of the t e r m s  of o rde r  
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a2/R 2 in the integrand which were neglected ear l ie r .  On the other hand 
many t e rms  may be dropped since they r ep resen t  second- or h ighe r -o rde r  
multiple scat ter ing.  If we assume that all of the part ia l  density functions 
pj(rj) are s imi lar  in shape and that A >> 1, then we find the single coll ision 
c ros s  section 

= (_~_)2 fei,~ . (b- b') ei[XN(b)-X~(b')] 

1 XN(b)×~q(b,)} d2 b d2b, . (19) × {~2(b, b ')  - 

When the nuclear  radius is quite large compared  to the interact ion range 
this express ion  can be reduced to the fo rm [11] 

= _ 1 T(b)d2 b 2}. (20) IFfi(A) l 2 If(A)] 2 {N 1 A]  f e  i d  "b+iXN(b) 
f ¢ i  

The inelast ic sca t ter ing,  in other words,  is a good deal smal le r  near the 
forward  direct ion than that due to N 1 f ree  nucleons. As A inc reases  beyond 
the diffraction cone A ~ R-1,  however,  the integral  within the cur ly  b rack-  
ets goes to ze ro  and the inelast ic intensity then agrees ,  as it should, with 
the f i rs t  t e r m  of the se r i e s  (16). 

If the nucleons were weak s c a t t e r e r s ,  of course ,  double and tr iple sca t -  
ter ing would never occur .  The express ion  (20), which should r ep resen t  the 
inelastic sca t te r ing  quite accura te ly  in that ease,  reduces  to the fo rm 

1 S2(A)} , (g-~ 0) , IFfi( ) 12 = Ij( )12 A {1 - 
f ¢ i  

which is the fami l ia r  resu l t  of the impulse approximation [ 15]. 
In our numer ica l  calculat ions we have evaluated the inelast ic  sca t te r ing  

by cor rec t ing  the l a r g e - m o m e n t u m  t r ans fe r  formulas  so that their  single 
coll ision t e r m  is made accura te  for all A. We have, in effect, t rea ted  the 
second t e r m  in the cur ly  b racke t s  of eq. (20) as a co r rec t ion  to eq. (14) for 
the l ighter nuclei and to eq. (18) for the heavier  nuclei. 

3. RESULTS OF THE CALCULATIONS 

Since we have a s sumed  the proton-nucleon sca t te r ing  amplitude to be 
known, the only quantit ies which can be determined by fitting the exper i -  
mental  data are  the p a r a m e t e r s  of the nuclear  density distribution. For  the 
light nuclei, Li, Be and C, there  is, in the model based on the harmonic  
osc i l la tor  density functions, only one p a r a m e t e r  to be found, a o or equiva- 
lently the r m s  radius (r2)~. For  A1, Cu, Pb and U, on the other hand, the 
use of the Woods-Saxon model for the density function means that the two 
p a r a m e t e r s  c and t must  be determined.  

We have evaluated the angular distr ibutions of elast ic  sca t te r ing  numer-  
ically by using eqs. (8), (9), (11) and (12), and by assuming in the Coulomb 
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ca l cu l a t i ons  that  the nuc l ea r  cha rge  d i s t r i bu t ion  has the s a m e  shape as the 
nuc l ea r  dens i ty  d i s t r ibu t ion .  The e l a s t i c  angular  d i s t r i bu t i ons  were  added 
to the i ne l a s t i c  ones ca l cu l a t ed  by m e a n s  of the f o r m u l a s  noted in sect ,  2.5 
and the sums  c o m p a r e d  with the to ta l  s c a t t e r e d  i n t ens i t i e s  m e a s u r e d  by 
Be l l e t t in i  et al.  [4]. A l e a s t - s q u a r e s  f i t  to the e x p e r i m e n t a l  da ta  for  each 
nucleus  was found by va ry ing  the a p p r o p r i a t e  dens i ty  p a r a m e t e r s .  

The ca l cu la t ed  angular  d i s t r i bu t i ons  for  s u m m e d  s c a t t e r i n g  which r e p r e -  
sent  the be s t  f i t s  a r e  shown toge the r  with the m e a s u r e d  d i s t r i bu t i ons  for  the 
eight  nucle i  used  in the e x p e r i m e n t  in f igs .  1-8. The ca l cu la t ed  d i s t r i b u -  
t ions  of e l a s t i c  and ine l a s t i c  s c a t t e r i n g ,  which a r e  a l so  p r e s e n t e d  s e p a r a t e -  
ly in these  g raphs ,  show how comple t e ly  the m e a s u r e d  in t ens i t i e s  a r e  dom-  
ina ted  by e l a s t i c  co l l i s ions  at s m a l l  angles  and ine la s t i c  ones at l a r g e  angles .  
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Fig .  1. The e x p e r i m e n t a l  data  of re f .  [4] on the s c a t t e r i n g  of 19.3 GeV/c pro tons  by 
6Li a r e  shown toge the r  with the r e s u l t  of the bes t  f i t .  E l a s t i c  and ine las t i c  con t r i bu -  

t ions  are shown separately. 
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Fig.  2. The exper imental  data of ref .  [4] on the scat ter ing of 19.3 GeV/c  protons by 
7Li a re  shown together with the resul t  of the best  fit. Elas t ic  and inelast ic  contr ibu-  

tions are  shown separa te ly .  

T h e  c a l c u l a t e d  d i s t r i b u t i o n s  do i n d e e d  fo l low the  b e h a v i o r  of the  m e a s -  
u r e d  d i s t r i b u t i o n s  qu i t e  we l l  fo r  a l l  e i g h t  nuc l e i .  T h e  m i n i m u m  ×2 v a l u e s  
which  we have  o b t a i n e d  a r e  s a t i s f a c t o r y  and  in s e v e r a l  c a s e s  qu i t e  good.  
T h e  m i n i m u m  ×2 v a l u e  i s  116 fo r  6L i ,  96 fo r  7L i ,  72 fo r  9Be and 30 fo r  C, 
the  n u m b e r  of d e g r e e s  of f r e e d o m  b e i n g  14. F o r  A1 the  m i n i m u m  of ×2 i s  
52, which  i s  r e d u c e d  to 23 if  the  c o n t r i b u t i o n  of t he  s m a l l e s t  ang le  d a t a  
p o i n t  i s  e x c l u d e d .  F o r  Cu the  m i n i m u m  of X 2 i s  15. F o r  Pb  the  m i n i m u m  of 
X2 i s  a r o u n d  400 and fo r  U i s  l a r g e r .  

To  d i s c u s s  our  r e s u l t s  in g r e a t e r  d e t a i l  l e t  us  b e g i n  wi th  the  l i g h t  nu-  
c l e i .  F o r  t h e s e  we have  s t u d i e d  the  e f f ec t  of u s i n g  s e v e r a l  of the  a p p r o x i -  
m a t i o n  m e t h o d s  d i s c u s s e d  e a r l i e r .  F o r  6L i ,  f o r  e x a m p l e  we f ind  tha t  if we 
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Fig. 3. The e×perimental data of ref. [4] on the scattering of 19.3 GeV/c protons by 
Be are  shown together with the resul t  of the best  fit .  Elas t ic  and inelast ic  contr ibu-  

tions are  shown separa te ly .  

u s e  the  l a r g e - A  a p p r o x i m a t i o n  f o r  the  e l a s t i c  s c a t t e r i n g ,  i . e .  eqs .  (6) and  
(8), and  the  s h o r t - r a n g e  a p p r o x i m a t i o n  fo r  the  i n e l a s t i c  s c a t t e r i n g ,  i . e .  eq.  
(18) the  f i t  i s  qu i t e  p o o r  ( the m i n i m u m  of X 2 i s  about  260). When  the  m o r e  
a c c u r a t e  e x p r e s s i o n  (14) i s  u s e d  to  f i t  the  6Li  da t a ,  the  m i n i m u m  of X 2 d e -  
c r e a s e s  to  168 and  the  s c a t t e r i n g  in the  i n e l a s t i c  r e g i o n  i s  r e a s o n a b l y  we l l  
r e p r o d u c e d .  A f u r t h e r  i m p r o v e m e n t  i s  o b t a i n e d  by  u s i n g  eq. (9) which  i s  
t he  C o u l o m b  g e n e r a l i z a t i o n  of eq. (4) i n s t e a d  of eqs .  (6) and  (8) to c a l c u l a t e  
the  e l a s t i c  s c a t t e r i n g .  R e t u r n i n g  in t h i s  way  to  the  f o r m u l a s  a c c u r a t e  f o r  
s m a l l  v a l u e s  of A r e d u c e s  the  m i n i m u m  v a l u e  of X 2 to  116. We have  ob-  
s e r v e d  s i m i l a r  b e h a v i o r  in the  c a l c u l a t i o n s  f o r  the  c a s e  of 7L i .  

F o r  Be and  C a s l i g h t  i m p r o v e m e n t  in  the  d e s c r i p t i o n  of t h e  i n e l a s t i c  
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Fig.  4. The exper imental  data of ref .  [4] on the scat ter ing of 21.5 GeV/c protons by 
C are  shown together  with the resul t  of the best  fit. Elas t ic  and inelast ic  contr ibu-  

tions are  shown separa te ly .  

r e g i o n  i s  o b t a i n e d  by  u s i n g  eq. (14) i n s t e a d  of eq.  (18) but  t h e r e  i s  no sub -  
s t a n t i a l  d i f f e r e n c e  b e t w e e n  the  r e s u l t s  g iven  by  eqs .  (4) and  (6). 

We have  l i s t e d  in t a b l e  1 the  v a l u e s  of the  p a r a m e t e r s  we have  found f o r  
the  nuc l eon  d e n s i t i e s  in the  l igh t  nuc l e i .  T h e  e r r o r s  a s s i g n e d  to  the  r a d i a l  
p a r a m e t e r s  a r e  d e r i v e d  f r o m  the  c r i t e r i o n  )(2 ..< X~nin + 1. F o r  the  l i gh t  nu-  
c l e i  o t h e r  than  c a r b o n  we have  i n d i c a t e d  the  e r r o r s  in p a r e n t h e s e s  s i n c e  
fo r  t h e s e  c a s e s  the  ×2mi n v a l u e s  o b t a i n e d  a r e  r e l a t i v e l y  l a r g e .  Such e r r o r s  
l a c k  t r u e  s t a t i s t i c a l  s i g n i f i c a n c e  and a r e  only i n t e n d e d  to  be  s u g g e s t i v e .  We 
have  a l s o  l i s t e d  f o r  c o m p a r i s o n  in t a b l e  1 the  v a l u e s  of the  r m s  r a d i u s  of 
the  c h a r g e  d i s t r i b u t i o n  found in e l e c t r o n  s c a t t e r i n g  e x p e r i m e n t s .  Our  d e -  
t e r m i n a t i o n s  of the  r m s  r a d i u s  of the  n u c l e a r  d e n s i t y  a r e  s e e n  to  c o r r e -  
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Fig .  5. T h e  e x p e r i m e n t a l  data  of r e f .  [4] on the  s c a t t e r i n g  of 19.3 G e V / c  p r o t o n s  by 
A1 a r e  shown t o g e t h e r  wi th  the  r e s u l t  of the  b e s t  f i t .  E l a s t i c  and i n e l a s t i c  c o n t r i b u -  

t i o n s  a r e  s h o w n  s e p a r a t e l y .  

spond rather c l o s e l y  to the va lues  obtained for the r m s  radius of the charge  
distribution.  

In table 2 we have l i s ted  the va lues  of the p a r a m e t e r s  c and t of the 
Woods-Saxon mode l  which we have found for A1, Cu, Pb and U, together  
with the r e s u l t s  obtained f rom e l e c t r o m a g n e t i c  interact ions ,  i .e .  e l ec t ron  
sca t ter ing  and muonic  X - r a y  e x p e r i m e n t s .  In part icular  for A1 and Cu we 
have obtained exce l l en t  f i ts  to the m e a s u r e d  angular d is tr ibut ions .  For  
these  nucle i  f u r t h e r m o r e  the densi ty  p a r a m e t e r s  we have found correspond  
rather wel l  to the ones  found f rom e l ec tron  sca t t er ing  data. The e r r o r s  
g iven in table 2 have been der ived  from the s a m e  c r i t e r i o n  we have used  
for table 1. 



152 R.J .  GLAUBER and G. MATTHIAE 

1(~ z°, -: 
u 

lg ~' ! 
| 

I i 
Cu 

19.3 GeVJc protons 

" ~  - -  Best fit" c=4.08 fm 
- - -  Etast ic  t =2 .21 fm 

- - -  Ine tast ic  \ 
\ 

, ,  . . . . .  , , , T  

1 [ '~ I 
5 10 ~ (mrad )  15 

Fig. 6. The experimental data of ref. [4] on the scattering of 19.3 GeV/c protons by 
Cu are shown together with the result  of the best fit. Elastic and inelastic contribu- 

tions are shown separately. 

F o r  l ead  our  f i t  is  not t r u l y  q u a n t i t a t i v e  in the s e n s e  that  the m i n i m u m  
X 2 va lue  is  qui te  l a r g e .  The  m a i n  c o n t r i b u t i o n  to the ×2 c o m e s  f r o m  the 
s m a l l - a n g l e  data  po in t s  which have b e e n  g iven  a v e r y  s m a l l  s t a t i s t i c a l  e r -  
r o r  ia the e x p e r i m e n t a l  data.  A computed  a n g u l a r  d i s t r i b u t i o n  which fol-  
lows the Pb  da ta  m o r e  c lo se ly  away f r o m  the f o r w a r d  d i r e c t i o n  than  the one 
for  m i n i m u m  X 2 c o r r e s p o n d s  to a va lue  of the h a l f - d e n s i t y  r a d i u s  c, which 
is  v e r y  s i m i l a r  to the one found f r o m  e l e c t r o m a g n e t i c  i n t e r a c t i o n s .  In o r -  
de r  to r e p r o d u c e  the e x p e r i m e n t a l  da ta ,  .however,  a r a t h e r  l a r g e  va lue  of 
the s u r f a c e  t h i c k n e s s  p a r a m e t e r  is  r e q u i r e d ,  as  a l r e a d y  o b s e r v e d  by Gold-  
h a b e r  and J o a c h a i n  [5]. 

F o r  u r a n i u m  fewer  data  po in ts  a r e  a v a i l a b l e  and our  f i t  to t h e m  is  
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Fig.  7. The exper imental  data of ref .  [4] on the scat ter ing of 19.3 GeV/c protons by 
Pb are  shown together  with the resu l t  of the fit r epresen ted  by the solid line. Elas t ic  

and inelast ic  contributions are  shown separa te ly .  

s o m e w h a t  p o o r e r  a s  wel l .  I t  d o e s  not  s e e m  p o s s i b l e ,  in p a r t i c u l a r ,  to  f i t  
the  d a t a  p o i n t s  a c c u r a t e l y  in the  r e g i o n  of the  f i r s t  d i f f r a c t i o n  m i n i m u m  and  
of the  s u b s e q u e n t  m a x i m u m .  T h e  r e a s o n  cou ld  be  r e l a t e d  p e r h a p s  to  an in -  
a d e q u a c y  of the  n u c l e a r  m o d e l  which  we have  a s s u m e d .  The  u r a n i u m  nu-  
c l e u s  i s  known to be  s t r o n g l y  d e f o r m e d ,  a p r o p e r t y  which  i s  not  r e p r e -  
s e n t e d  by  the  s p h e r i c a l l y  s y m m e t r i c  d e n s i t y  func t ion  we have  u s e d .  T h e  
v a l u e s  fo r  the  p a r a m e t e r s  c and  ! g iven  fo r  U in t a b l e  2 a r e  only  i n t e n d e d  
to  be  s u g g e s t i v e .  

By u s i n g  the  v a l u e s  of the  n u c l e a r  d e n s i t y  p a r a m e t e r s  which  we have  
found  f r o m  the  f i t s  to  the  a n g u l a r  d i s t r i b u t i o n s ,  we can  c a l c u l a t e  the  c o r r e -  
s p o n d i n g  t o t a l  c r o s s  s e c t i o n s  f o r  the  v a r i o u s  nuc le i .  In  t a b l e  3 we have  
l i s t e d  the  c a l c u l a t e d  v a l u e s  of the  t o t a l  c r o s s  s e c t i o n  and the  e x p e r i m e n t a l  
ones  a s  g iven  by  B e l l e t t i n i  et  a l .  [4]. T h e  e r r o r s  a s s i g n e d  to  the  c a l c u l a t e d  
c r o s s  s e c t i o n s  a r e  t h o s e  tha t  c o r r e s p o n d  to the  u n c e r t a i n t i e s  of the  d e n s i t y  
p a r a m e t e r s .  I t  i s  w o r t h  no t ing  tha t  the  t o t a l  c r o s s  s e c t i o n s  g i v e n  in r e f .  [4] 
a r e  not  fu l ly  d e t e r m i n e d  by e x p e r i m e n t a l  m e a n s .  In f ac t  t hey  a r e  o b t a i n e d  
by  m e a n s  of t r a n s m i s s i o n  m e a s u r e m e n t s  which  r e q u i r e  an  e x t r a p o l a t i o n  to  
the  f o r w a r d  d i r e c t i o n  tha t  i s  s o m e w h a t  d e p e n d e n t  on the  b e h a v i o u r  a s s u m e d  
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Fig. 8. The experimental data of ref. [4] on the scattering of 19.3 GeV/c protons by 
U are shown together with the result of the fit represented by the solid line. Elastic 

and inelastic contributions are shown separately. 

for the scattering amplitude at small angles. In ref. [4] the Coulomb eontri- 
bution to the differential cross section at the small angles was subtracted 
by assuming the nuclear amplitude to be purely imaginary. 

Table 3 shows that the agreement is close for only two or three nuclei. 
For the L i  isotopes and the heavy elements, the total cross sections given 
in ref. [4] are consistently Iarger than the predicted ones. We note that if 
we were to try to determine the nuclear radii  from the total cross section 
values of ref. [4], we would obtain, for lead, for example, a radius about 
10% larger than the one given in table 2. Such a large value for the radius, 
however, would be inconsistent with the experimentally observed angular 
distribution. It seems then possible that the discrepancies appearing in ta- 
ble 3 could be ascribed to the inadequacy of the extrapolation procedure 
used in ref. [4] for deriving the total cross sections from the data. 

A number of our results have indicated that the diffraction approxima- 
tion is able to furnish a fa i r ly  accurate description of the high-energy scat- 
tering of protons by nuclei. If sufficiently accurate versions of the approxi- 
mation are used, then the angular distributions can be fitted quite well. 
Such resu]ts lend considerable support the procedure of deriving unstable 
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a o r m s  r a d i u s  r m s  r a d i u s  
f r o m  the  p r e s e n t  a n a l y s i s  f r o m  e l e c t r o n  s c a t t e r i n g  

(fm) (fm) 

6Li  1.86 (± 0.03) 2.52 (± 0.04) 2.41 ± 0.07 a) 
2.54 ± 0.05b) 

7Li 1.76 (± 0.03) 2.44 (± 0.04) 2.33 ± 0.06 a) 
2.39 ± 0.03 c) 

2.60 ± 0.20d)  
9Be 1.78 (± 0.05) 2.55 (± 0.07) 2.20 ± 0 .20e)  

2.63 ± 0.10 f) 

2.50 ± 0.15 d) 
12C 1.60 ± 0.03 2.35 ± 0.04 2.42 ± 0.10e)  

2.40 ± 0.02 g) 

a) Ref .  [16]. Data  at  l o w - m o m e n t u m  t r a n s f e r  f i t ted  with the  h a r m o n i c  o s c i l l a t o r  
mode l .  

b) Ref .  [17]. F i t  wi th  a p h e n o m e n o l o g i c a l  e x p r e s s i o n  fo r  the  f o r m  f a c t o r .  
c) Ref .  [17]. H a r m o n i c - o s c i l l a t o r  mode l  with e l e c t r i c  quadrupo le  con t r i bu t i on .  
d) Ref .  [18]. M o d e l - i n d e p e n d e n t  value .  
e) Ref .  [19]. H a r m o n i c - o s c i l l a t o r  mode l .  
f) Ref .  [19]. A v e r a g e  of s e v e r a l  m o d e l s .  
g) Ref .  [20]. 

Tab le  2 

1 1 
c (fm) c/AT (fm) t (fro) c (fm) c/A~ (fm) t (fm) 

f r o m  the  p r e s e n t  a n a l y s i s  f r o m  e l e c t r o m a g n e t i c  i n t e r a c t i o n s  

3.06 1.02 2.5 a) A1 3.00 ± 0.06 1.00 ± 0.02 2.29 -~ 0.07 
3.07 ± 0 . 0 9  1.02 ± 0.03 2.28 ± 0.11b)  

Cu 4.08 :e 0.04 1.02 ± 0.01 2.21 ± 0.07 4.26 1.06 2 .5a)  

6.5 1.1 2.3 c) 
I)b ~ 6.4 ~ 1 . 0 8  ~ 2 . 8  6.47 ± 0 . 0 3  1.091 ± 0.005 2.30 ± 0.03d) 

6.67 ± 0 . 0 9  1 . 1 2 5 ±  0.015 2.21 ± 0 . 2 5  e) 

U ( ~ 6 . 7 )  ( ~ 1 . 0 8 )  ( ~ 3 . 2 )  7.15 ± 0.03 1.153 ± 0.005 1.46 ± 0.12 f) 

a) Va lues  ob ta ined  by i n t e r p o l a t i n g  with the e m p i r i c a l  f o r m u l a  of r e f .  [21]. 
b) F r o m  e l e c t r o n  s c a t t e r i n g  ( ref .  [22]). 
c) F r o m  e l e c t r o n  s c a t t e r i n g  ( ref .  [19]). 
d) F r o m  e l e c t r o n  s c a t t e r i n g  ( ref .  [23]). 
e) F r o m  muonic  X - r a y  ( re f .  [24]). 
f) F r o m  muon ic  X - r a y  da ta  a n a l y s e d  with a modi f i ed  Woods-Saxon  model  which 

t a k e s  into account  the  n u c l e a r  d e f o r m a t i o n  ( ref .  [25]). 
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Table 3 

eft(b) 
Calculated Experimental 

6Li 0.203 (=e 0.001) 0.232 ± 0.005 
7Li 0.229 (± 0.001) 0.250 ~- 0.005 
9Be 0.278 (:e 0.004) 0.278 =e 0.004 

C 0.333 =e 0.003 0.335 :~ 0.005 
A1 0.658 =e 0.010 0.687 ± 0.010 
Cu 1.23 ± 0.01 1.36 ±0.02 
Pb ~ 3.09 3.29 ± 0.10 
U (~ 3.5) 

pa r t i c l e -nuc l eon  tota l  c r o s s  sec t ions ,  by applying the d i f f rac t ion approx i -  
mat ion  to product ion expe r imen t s .  

We have a lso  found fa i r ly  c lose  a g r e e m e n t  between the p a r a m e t e r s  of 
the nucleon densi ty  dis t r ibut ion,  as der ived  f r o m  s t rong  in te rac t ion  data,  
and the co r re spond ing  p a r a m e t e r s  of the nuclear  charge  d is t r ibut ion  ob- 
ta ined f r o m  e l ec t romagne t i c  in te rac t ions .  Our r e s u l t s  indicate t h e r e f o r e  
that  the neutron dis t r ibut ion in the nucleus cannot  be ve ry  di f ferent  in s ize  
f r o m  the pro ton  dis t r ibut ion.  

APPENDIX 

For  the ha rmonic  osc i l l a to r  model  we have used  the following e x p r e s -  
s ions:  

b 2 

Gs(b) = - ~ - e  4Y 2 
8 ~ 2  

where  

b 2 

o Gp(b) ~ [ 1 -  a2 ( 1 - b 2 ~ e ' 4 7 2  
= 6V-- ~ 4~2/J ' 

72 =¼a 2+½~2 . 

b 2 

XN(b) : 2--~ ~ 4-~ j e 4,2 

9(b ,b ' )  A If (0)[2  
- 4k2 fi2 772 

B ,2 B2 

D ( 1 -  B2 
e 4~ 2 4~2 I1 ~ 
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w h e r e  

 a2o 72  (a2o+Z2) B= 1 , ) ,  
D =  A - ,  = , ~ ( b + b  B '  = b - b '  . 
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