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The average and the dispersion of multiplicity distributions in nucleus-nucleus col-
lisions are calculated assuming that the inelastic collision of two nuclei is an incoherent
composition of collisions of individual nucleons. The average multiplicity is assumed to
be proportional to the number of “wounded nucleons” i.e. the nucleons which under-
went at least one inelastic collision. For the sake of comparison the average and the dis-
persion of the number of collisions is also discussed. Qur calculations indicate that in nu-
cleus-nucleus collisions, the amplification of various characteristics of the nucleon-nucleon
interaction is far grater than in hadron-nucleus collisions.

1. Introduction

In this paper we discuss multiplicity distributions of particles produced in col-
lisions of two nuclei at high energies, Qur basic assumption is that the inelastic col-
lision of two nuclei can be described as an incoherent composition of the collisions
of individual nucleons. This picture is an old one. It proved useful in the description
of nucleon-nucleus collisions [1—5]. It seems therefore natural and interesting to
extend it further to the nucleus-nucleus collisions in the hope of obtaining useful
estimates of experimental characteristics such as multiplicities, dispersions and their
dependences on nuclear parameters.

It should be stressed that in this approach the collective effects which may occur
in nuclei are neglected. The existence of such effects in e.g. nucleon-nucleus inter-
actions is controversial [6,7]. It is therefore interesting to extend the investigation of
this problem to nucleus-nucleus interactions and our calculations should prove use-
ful by giving predictions for the cases where collective effects are absent. Should fu-
ture experiments prove that collective effects are indeed absent in inelastic collisions
our scheme can be used to analyze the properties of elementary collisions which are
otherwise difficult to see. For example, it may be possible to separate different com-
ponents in the elementary production processes which get differently amplified in
the processes of multiple collisions.

* We neglect altogether the diffractive production processes.
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In the case of nucleon-nucleus collisions a fundamental role is played by the num-
ber of collisions (») of the incident nucleon with the nucleons in the target nucleus
[1]. However, the generalization of this concept to nucleus-nucleus collisions is not
unique.

In this paper we propose to describe the nucleus-nucleus collisions in terms of
the number of “wounded” nucleons (w) i.e. the number of nucleons which under-
went at least one inelastic collisions in this process. For instance in the case of nu-
cleon-nucleus collisions there are » “wounded” nucleons in the target nucleus and
one “wounded” incident nucleon. Consequently, in this case, there is a simple rela-
tion between v and w

w=p+1. (1.1)

Thus either of them can be used.

In the nucleus-nucleus collisions, however, there is no unique relation between v
and w. Thereforeé a choice has to be made and our conjecture is that, physically, the
more relevant variable is w. The motivation for this choice comes from the interpre-
tation of the available data on nucleon-nucleus interactions {8]. The average multi-
plicities in collisions of a high-energy nucleon with a target nucleus of mass number
A follow approximately the formula

iy =3@ + )7y =iway, (1.2)

where 7y is the average multiplicity in nucleon-nucleon collisions, and v(w) is the
average number of collisions (of wounded nucleons).

This formula suggests that the incident nucleon contribution to 74 is the same as
the contribution of each hit target nucleon and equals approximately * %r’zH. Thus,
there seems to be no difference whether a nucleon is hit once or several times. This
observation justifies the relevance of w.

For nucleus-nucleus collisions this picture implies that the average multiplicity in
a collision of two nuclei with the mass numbers 4 and B is

Ti g =3WhY , (1.3)

while for nucleon-nucleus collisions one could also use ¥ (as indicated in eq. (1.2))
here it is no longer possible.

The main purpose of this paper is to explore the consequences of the model in
which the multiplicity distributions for nucleus-nucleus collisions are given by in-
coherent superposition of distributions provided by each wounded nucleon. We cal-
culated average multiplicity and dispersion in this model. We found that the expected
nuclear effects are rather dramatic, particularly for collisions of two heavy nuclei.
Consequently, we feel that experimental investigation of heavy nuclei collisions at

* 1t may appear that this argument depends critically on the accuracy of eq. (1.2). We show later
that this is not the case (see sect. 4).
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high energies may indeed be useful for establishing: (a) which aspects of elementary
collisions get amplified in nuclear interactions and (b) whether collective phenomena
play an important role in nuclear collisions at high energies.

The collisions of two nuclei were already discussed by many authors. The exten-
sion of the Glauber model was used to describe elastic, quasi-elastic and total cross
sections [9,10]. Production processes were also discussed in this framework {10].

Average multiplicities are discussed in sect. 2 and dispersion in sect. 3. In sect. 4
we consider the stability of the obtained results with respect to variation of the pa-
rameters of the model. Our conclusions are listed in the last section. The derivation
of the formulae for the average number of wounded nucleons is given in appendix A.
The dispersion of the number of wounded nucleons and of the number of collisions
is derived in appendix B.

2. Average multiplicities

As explained in the introduction the average number of particles produced in in-
elastic nucleus (mass number 4) — nucleus (mass number B) collision is

fiyp =3WHy . (2.1)

Thus calculation of 77 4 g reduces to calculating the average number of wounded nu-
cleons w. Since our basic assumption is that the inelastic collisions of two nuclei can
be described as an incoherent composition of individual nucleons, we compute w
using probability calculus.

In appendix A we show that the number of wounded nucleons in the collision of

Fig. 1. Geometry of the nucleus-nucleus collision.
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A and B is the sum of wounded nucleons in the nucleus 4 and the nucleus B:

Wyp =Wy twp, (2.2)
where
Ac Bo
Wyl and Wy =—0 2.3)
O4B OB

Here 04 is the nucleon-nucleus 4 production cross section, og is the nucleon-nu-
cleus B production cross section and 0,4 g is the production cross section for the col-
lision of nucleus 4 with nucleus B. The explicit formulae for 04, 05 and 04 are
given in appendix A.

When B = 1, (2.2) reduces to

_ L4 L +om 7 24
= = + = .
WlA OA( UH+UA) OA 1+V, ( )

in accordance with eq. (1.2). There, we have used the well-known expression for the
average number of collisions v = Aoy /o, [5], [11], where oy is the nucleon-nu-
cleon production cross section.

In fig. 2 we show R =W 4 5 for various A and B nuclei and oy = 30 mb. It is
seen that in first approximation R is a function of the product AB. Furthermore, R
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Fig. 2. Average number of wounded nucleons (black symbols) and average number of collisions
(open symbols) versus AB. oy = 30 mb.
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increases rather rapidly for AB greater than ~400 (this is far beyond the region at-
tainable in hadron-nucleus collisions). For comparison we also plot points for

R, =3 (v + 1) which fit nicely hadron-nucleus collisions. The following nuclear den-
sities were used:

For4 > 16:
-1
r-R
p(r)=pg (1+eXP[—C~]) ; (2.5)
where R = 1.07 A1/3 fm, ¢ = 0.545 fm.
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Fig. 3. Dispersion versus average for (a) number of wounded nucleons (black symbols) and (b)
number of collisions (open symbols). oy = 30 mb.
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3. Dispersions

In our model each wounded nucleon contributes independently to the observed
multiplicity distribution. Consequently, for a fixed number of wounded nucleons,
the dispersion is given by the formula

DX(w)=wiD} , (3.1)

where Dy is the dispersion in the nucleon-nucleon interaction. Thus, the observed
dispersion can be computed from the formula

D2 =3WD} +5{w? - w2} . (3.2)

"Here we employed the following expression, implied by our model, for average mul-
tiplicity with a given number of wounded nucleons:

i(w) =iwiiy . (3.3)

Hence the problem of computing D reduces to evaluation of w2 — w2, This calcula-
tion is given in appendix A. The numerical results are shown in fig. 3 where dispersion
of the number of wounded nucleons w is plotted versus the average. The striking fea-
ture is that the observed dependence is approximately linear with the slope ~1. Sim-
ilar linear behaviour is seen for dispersion of the number of collisions, but its slope

is greater (~1.3).
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Fig. 4. Dispersion of multiplicity distribution versus average multiplicity for nucleus-nucleus col-
lisions at lab energy 300 GeV/nucleon. oy = 30 mb, 5= 0.5.
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In fig. 4 we plot D 45 versus n4 g for 300 GeV obtained from eq. (3.2) using
iy = 8.5 and ny/Dy = 2.0. Note that points corresponding to the hadron-nucleus
collisions are all concentrated in the lower left corner of the diagram. This illustrates
the extent of the extrapolation involved in our model.

4. Stability of the results

In this section we discuss two possible modifications of our model which are sug-
gested by the analyses of the data for nucleon-nucleus collisions in refs. [1, 3]. We
shall show that although they may be important in the case of nucleon-nucleus in-
teractions the nucleus-nucleus collisions are far less sensitive to them.

The first observation is that all modifications of our model must preserve sym-
metry of the process of the nucleon-nucleon interaction. The simplest realization of
such symmetry is to assume that both nucleons contribute %"H of the multiplicity,
as expressed in eq. (1.3). However, as discussed in refs. [1] and [3] reasonable fits to
the data on nucleon-nucleus collision may be obtained with the formula

nyg=v t1-pPng=PBwy +1 - 207y, “4.1)

where § < 1. Now it is clear that § <1 means that only 28 fraction of 71}; gets mul-
tiplied in the collision whereas (1 — 2f) does not. It is obvious that such a modifica-
tion changes the predicted average multiplicity (since it is proportional to §). How-
ever, the relation between dispersion and average multiplicity seems to be unaffected
by this modification of the model. We calculated dispersions for nucleus-nucleus col-
lisions using eq. (4.1) (instead of eq. (1.3)) with 8 = 0.4. We found that such correc-
tions introduce insignificant changes to the relation between D and 74 (plotted in
figs. 3 and 4) wherever the average number of wounded nucleons exceeds ~10Q, that
means in the majority of cases.

Another possible modification is to change eq. (3.2). For example in ref. [3] the
Poisson multiplicity distribution is assumed for nucleon-nucleon interactions.With
this assumption the formula (3.2) should be replaced by

DY =3wny + (w2 — Wag. (4.2)

We have calculated dispersions with this formula and again found the modifications
unsignificant for nucleus-nucleus collisions. This is easily understood if one realizes
that the first term in (4.2) is only a small correction to the leading second term pro-
vided the number of wounded nucleons exceeds ~10.

Thus other reasonable modifications of eq. (3.2) should also not change our con-
clusion for nucleus-nucleus interactions.
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5. Conclusions

The standard description of hadron-nucleus interactions, in which inelastic col-
lisions are incoherent compositions of the collisions of the incident hadron with in-
dividual nucleons in the target nucleus, is extrapolated to nucleus-nucleus collisions.
The average multiplicities are sensitive to the details of the elementary nucleon-nu-
cleon process and therefore can be used to fix the parameters of the model. On the
other hand the relation between dispersion and average multiplicity depends almost
exclusively on the mechanism of the amplification of the production process in con-
secutive collisions. It can be used therefore to distinguish between different me-
chanisms of multiplication of particles.

Appendix A
Formula for the average number of wounded nucleons.

The number of wounded nucleons in the collision of 4 and B is the sum of
wounded nucleons in the nucleus 4 and the nucleus B. Thus it is enough to compute
the average number of wounded nucleons in one nucleus e.g. B. Let us denote the
probability of collision of the nucleon i from B with anyone of the nucleons of 4
with a given configuration s, sﬁ by

p(sB: 4,58, . sH=p,6F), (A1)

ylli’v

where the variables are defined in fig. 1. The probability that the nucleons sﬁ ) o
collide and s’Bw+1 . sgg do not is

CARIIC AR LR CHRI BRI C AR

After integrating over the configurations of B we get for the probability of having -
wp wounded nucleons in B:

P(wB;B;A;sA,...sﬁ;b)

= () B-PCsst, - sson

X (Pd;sf,..s4:D)"B . (A2)

Here

pa:st, ..sh:b) = [ 428 p(sPasst, . s4) Dp(b — sF) (A.3)
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with
+o0
Dg(s)= [ dzpp(s.2),

where pg(s, z) is the single nucleon probability distribution in the nucleus B (nor-
malized to unity) which can be identified with the probability density from the sin-
gle particle wave function. We assume all nucleons to be “equivalent” in the sense
that all the one-nucleon probabilities are the same (this simplifying assumption can
be removed at the expense of complicating, inessentially, the algebra which we want
to avoid). /

We are interested only in production processes, hence we should subtract the prob-
ability that none of the nucleons got wounded [P(wg = 0)]. Therefore, we normalize
our probabilities as follows:

Norm = [ d2b[1 — P(wg = 0)]
= [a2p[1 - [a2sf .. 25 265 .. a2

X Dy(s7) . Dy(s3) Dp(s5 — by .. Dg(sB — b)

Oy

X l{l—p(s?;A;s“li,...sj)}]=oAB, (A4)

-~
n

which is, in fact, just a cross section for production in a collision of the nucleus A
with the nucleus B (for more details see the footnote in appendix B).
So, the average number of wounded nucleons in B is

04pWp = [ d?b a2} . a2s4

X Wg(B, A;57, .. 54:0) D41 .. D4y, (A5)

where
v_vB(B,A;sf,...sﬁ;b)= EWB P(wg, B, A, sA,...sﬁ;b)
wpg

B

= Ele(‘fB)(l _5)B—WBﬁWB=Bg7(A;sA,...sﬁ;b).

WB-
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So,
045Wg =B [d2b d2s] .. d257d2sB

X Dg(s4) .. D4(s3) Dp(sB - b) p(sB; Assf . .. s) . (A.6)

However,

p(sB; A5t sy =1- 11 [1-o(sB - o], (A7)

L=

where [d2s o(s) = oy, oy being the nucleon-nucleon total inelastic cross section with
diffraction production excluded. From (A.6) we get finally

\TVB e, (A.S)
0ap

where 04, the total inelastic nucleon-nucleus cross section, is

A
04 = [d2b a2 Dp(sB — b) {1 ,I=11 [1— [a2sAD,(s4) o(sB — s}
A
= farsB -1 11— [ a2 Dy () o6 — 510} (A9)

because fd2b DB(sB — b) =1 for all sB. Repeating the same calculation for A we get
wy = Aog/o4p and the complete expression for the number of wounded nucleons
is thus

wAB=alE(AoB+BoA). (A.10)

Appendix B
Generating function for multiplicity distributions

All averages discussed in this paper can be obtained from the following two gen-
erating functions:

A B
F(xl,...xA;yl,...yB)=Hl l—ll (l —ai]-+x,-yjol~]~) ) (Bl)
i=1j=
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generates all averages where the number of wounded nucleons is relevant, and
A B
o(x) = FI1 Hl (1 - 0y +x0;) (B2)
i=1j=

generates all averages where the number of collisions is relevant.
In (B.1) and (B.2)

0= ob ~ s +57), (B3)
where o(s) is normalized, as always, to oy:
fdzs o(s) = o -
Let us compute wa from (B.1). From (3.2) we know that the problem reduces
to computing
w2 — W2 = (Wg — W3) + (W} — W) + 2w Wy — 2w, . (B.4)

The first two terms in (B.4) one obtains from immediate generalizations of (A.5).
For instance we have

045wslwg — )=BB - 1) [d2b 424 .. d2A 5244, ... 54:6) D4 (s1)..D(sh)

=B(B - 1) [d2 a2s4 .. d2s] d2sBd2sh

Xp(sB,4;s7, s p(sB, Asst, s Dy(T) .. Dy(s)) . (B.5)
Using the identity

p(s? ) p(s3 ) =p(sf ) +p(s5.) — [pGF ) + p(E.)— p(st ) (5 )],

we obtain

and, mutatis mutandis,
4B WA(WA ——1)=A(A— 1)(203—023) (B.7)

Here 04 (0p) is the nucleon-nucleus A(B) cross section and o, 4 (0, ) is a cross sec-
tion of a two-nucleon object with the spatial shape of the B(4) nucleus: Dg(s) [D4(s)]
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is its density distribution. So,

. | Azo%
W — WY =——[A2(20p — 0,5) + A0y 5 — 0p)] — ;
048 02
AB
_ . 2o
wh — wh = —— [B220, — 034) + B(0g4 — 04)] - : (B.8)
B "B oup o
AB

We evaluate W, Wp using the generating function (B.1). Expanding F in powers
ofxy,..x4,¥1,..yp we find that the coefficients of various products nge prob
abilities of all possible collisions. For instance the coefficient of x1x2 J’1 y2y3 term
is the probability of a 6-fold collision in which two nucleons from A collided three
times each and three nucleons from B collided twice each, hence 5 nucleons got
wounded. So the number of wounded nucleons given by one term is equal to the
number of different x;’s (w4 ) and the number of different y s (wp).

Let us denote

F(1,.. 1;y1,..yg)=F(1,y),
F(l, ey Xy T 0, l’yl’ .yB) = Fl(O,y) y

F(l, ey Xj = 0, N 1, o VE = 0, . 1) = F,k(O, 0) . (B.9)

F(1, y) contains all the probabilities of F, while F;(0, ) contains all the proba-
bilities of F except the ones with x; to any power. Therefore G{(y) = F(1,y) —
F(0, y) contains only these probabilities which are multiplied by x; to any power
and consequently H(y) = Z; G,(») is the sum of all the probabilities with weights
wy and still multiplied by y;’s. But we want to have all the probabilities summed
with weights w , wg. The following expression is the one we want

I= ; [Hyi=1,.yp=0D—-H(y;=1,.3,=0,..yg=1)]

A B A B
=ABF(1,1)—B§ F(0, 1)-Akf_)1Fk(1,0)+_Z_) 27 F4(0,0), (B.10)

where we have re-traced our steps back to the original generating function F [(B.9)
explains the notation].

O4BWAWE =fd2bfd2s'{1 dzsﬁ dzsf dzsg I(», sf . sﬁ)

XDy (s7) .. D4(s5) Dp(s?) .. Dp(sB) . (B.11)
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We normalize the probabilities similarly as in sect. 2. The expression for the norm
symmetric in 4 and B variables is therefore

Norm =045 =fd2b fdzsf1 dzsf1 dzs? dzsg

A B
X D(s%) .. D4 () Dy(sB) .. Dy(sB) {1 — E[”IJI [1— o6 —s;+5)1} .
(B.12)
From (B.1) we get

B A
A1, 1)=1, Fy0, 1)=kI:11(1 “oz),  Fu(1,0)= lel A - og),

A B
F4(0,0) = Ei jl;[k (1—op). (B.13)

The final result, after a straightforward algebra, is
04gWaWp =(04 + 0 —Sqp— Oy Ng_Ng_1)A4B (B.14)

with S g, N4 _; and Ng_ | defined as follows

Sap = [@2611 = [[A25D4(5)(1 - oD (6~ )P~ 11 [f 425 D(s)
X(1—oyDyb+sHY 11},
Ny 1= [d2D4(s) [1 ~ oyD ()41,

Np_y = [ d2sDg(s) [1 — oyDy(s)] B-1 . (B.15)

From (B.4), (B.8) and (B.15) we get the final formula

— 1
w? — Wl = 515 [4%(205 — 05p) + A(0y5 — 0p)] —
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1 320%1
+-(—)_—— B2(20A-024)+B(02A_0A)]— 2

AB 04

B OAUB

AB AB

which enables us to compute wa given by (3.2) *.
It is worth noticing that (B.16) reduces, in the case of the nucleon-nucleus A4 col-
lision, to a compact and handy expression:
— A2
2
wq —

" 1oy [a26D20) - 1]+—__ [1 - oy [ 426 D2(B)] .
i (B.17)

=2 -
W3

From the generating function (B.1) one can also obtain the formula (2.2) for the
average number of wounded nucleons. To this end one employs the function
H(y = 1) which, after averaging over nuclear densities gives o4 pW 4.

The average number of collisions ¥ and the dispersion D2 = p2 — 52 we calculate
from the generating function

o(x) = H 1__1(1—0 +x0;) . (B.18)

* In the actual numerical calculations we used the optical limit formula for o AB
oap= ©*b[1 - exp(-ABoy [¢s D4©) Dpb — )
and the following formula for a4(0p), azA(ozB):

o4 =fd2b[1 (1 - oD,
o34 =fd2b d2b,d%b, D(b — b,) Db — by) [1 — (1 — oD 4(b,) — oD 4(b,)))
—UZHA[fdzb DB(b)z]fd7'b[1 ~ 204 D N4 T,

which can be derived from the exact multiple scattering formula under only one assumption
that the nucleon size is small compared to sizes of nuclei 4 and B.
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Let us label the pair of i with one index p, 1 <p < 4B, and re-write

AB—v

¢(x)-ﬂ (1-0,+x0,)= E H (1— p)l'I (xo,), (B.19)

where T extends over all possible divisions of the set of AB indices into two groups.

AB—v

a%sf) ] -E,, [] a- p)ﬂ o:—za (B.20)

X

This last expression is clearly the average number of collisions (each element of the
first sum of (B.20) is a product of v, the probability that AB — v nucleons did not
collide and the probability that » nucleons did collide) for a given configuration of
the nucleons in the colliding nuclei. So, to obtain the average number of collisions
for two given nuclei we have to average d¢(x)/9x|,._ | over the nuclear densities and
divide by 04 p:

AB [[42b 0251d258D 4 (s4) o(b — s +5B) Dy(s)
Oy

7= = . (B.21)
O4B 048

Using the same generating function (B.18) we obtain the dispersion as follows:

32¢(x)
ox?

BE OABE % o

P p#p

o4p(v(v— 1)) = OAB(

=@ ] .. 2Dy} . Dy T otb 5+ )

X 27 ob-sft+sB), (B.22)

Ln#ik

where /, n # i, k means that the two pairs are different. We have therefore the fol-
lowing three expressions to compute (we assume o(s) = oy 82(s)):

G)  i#lk=n,
Ja2b a2sf . a25E D4 (st .. D(sE) 2 E o(b — st +5B) Z) o(b — s +5B)

= BA(4 - 1) o}, x [ 426 DY (b) ,
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@)  i=lLk#n,

[a20 @254t .. @258 D4 (s1) ... D(sB) Ek o(b — s + ) k? o — s + )

= AB(B - 1) o} X [d2b D),
Gi) i+, k#n,

fa2b a2t .. 6258 D, (s4) ... D(sB) ZIE o(b — s +5B) ’Z) o(b — sf* + sB)
i #i

k+n

=ABA - 1) (B~ 1) o} [d20x2(b),
where x(b) = fd2s D 4(b + 5) Dg(s). The final formula is:

045D? = AB o} {(A ~1)B-1) [ 2 x20) + (B- 1) [ 26 DY(b)

+(-1) [a2DyB) - 25+ .

AB, 1 (B.23)
048 YH

References

[1] K. Gottfried, Sth Int. Conf. on high-energy physics and nuclear structure, Uppsala 1973 and
Phys. Rev. Letters 32 (1974) 957.
[2] A.S. Goldhaber, Phys. Rev. Letters 33 (1974) 47;
Y. Kazama and A.S. Goldhaber, Phys. Rev. D12 (1975) 3872.
[3] B. Anderson and L. Otterlund, Nucl. Phys. B88 (1975) 349.
[4] A. Dar and J.P. Vary, Phys. Rev. D6 (1972) 2412.
[5] P.M. Fishbane and J.S. Trefil, Phys. Letters 51B (1974) 139.
[6] G. Berlad, A. Dar and G. Eilam, Institute of Technology, Haifa, preprint (1975) to be
published in Phys. Rev. D.
[7] A. Biatas and W. Czyz, Phys. Letters 58B (1975) 325.
[8] J.R. Florian et al., Phys. Rev. D13 (1976) 558.
[91 W. Czyz and L.C. Maximon, Ann. of Phys. 52 (1969) 59.
[10] G. Fildt, H. Pilkhun and H.G. Schaile, Ann. of Phys. 82 (1974) 326;
S. Barshay, C.G. Dover and J.P. Vary, Phys. Letters 51B (1974) 5;
P.M. Fishbane and J.S. Trefil, Phys. Rev. Letters 32 (1974) 396;
V. Franco, Phys. Rev. Letters 32 (1974) 911.
[11] A. Biatas and W. Czyz, Phys. Letters 51B (1974) 179.



