
8.B~.5 Nuclear Physics BI5 (1970) 397-412. North-Holland Publ. Comp., Amsterdam 

ON THE ANALYSIS OF VECTOR-MESON PRODUCTION 
BY POLARIZED PHOTONS ~ 

K. SCHILLING * 
California Institute of Technology, Pasadena, California 

P. SEYBOTH ** and  G . W O L F  *** 
Stanford Linear Accelerator Center, Stanford University, 

Stanford, California 94305 

Received 18 November 1969 

Abstract: The formalism necessary to analyze production of vector mesons with 
polarized photons (~p --*pV) is.presented in detail. The decay angular distribution 
of the vector mesons is parameterized by the density matrices pOl, 0t = 0, 1, 2, 3. 
Restrictions on the numerical values of the density matrix elements are derived. 
From the symmetry properties of the helicity amplitudes, it is shown that at high 

o i_l~knl energies the combinations Pkk '  =F , ' ~-kk' to leading order in energy receive 

only contributions from natural (unnatural) parity exchange in the t-channel. It is 
shown that this is true in any coordinate system which can be reached from the 
vector-meson helicity system by a rotation around the normal to the production 
plane. The values of the density matrices as predicted by various models: ele- 
mentary 0 :~ exchange, spin independence, helicity conservation, are given. 

i. INTRODUCTION 

In v iew of c u r r e n t  e x p e r i m e n t s  a t  DESY [1] and  SLAC [2] on the p r o d u c -  
t ion  of v e c t o r  m e s o n s  by p o l a r i z e d  photons  

7N --* VN , (i) 

we investigate what information on the production amplitudes can be ob- 
tained from the decay distributions of the vector mesons. Our aim is to 
provide the theoretical tools necessary for a maximal exploitation of ex- 
periments with polarized photons, where the target nucleon is unpolarized 
and the polarization of the recoiling nucleon is not detected. Part of the 
material  presented here can be found in the l i terature [3-7] and to some ex- 
tent is an application of the general work on high-energy exchange processes 

by Cohen-Tannoudji et al. [8]. 
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After  a r a the r  pedes t r ian  excurs ion into the spin problem of reac t ion  (1), 
we shall wri te  the decay angular  distr ibution of the vec tor  mesons  in t e r m s  
of their  spin density ma t r i ce s .  This will show explicitly that exper iments  
of the type d i scussed  here  yield at mos t  18 rea l  and independent bi l inear 
f o r m s  of the 12 complex helicity ampli tudes.  F r o m  the common decay 
modes (p ~21r, w ~ 37r and ~ ~KK~, however  only 12 of these b i l inears  can 
be measured .  The range of their  values is not unlimited but r e s t r i c t ed  by a 
set of inequali t ies.  

With l inear ly  po la r ized  photons, at high energ ies  8 out of 12 measurab le  
b i l inears  can be separa ted  into contr ibut ions f rom natural  and unnatural  
par i ty  exchange in the t -channel .  Exper iments  with c i r cu la r ly  po lar ized  
photons  do not yield any information on the nature  of the t -channel  exchanges  
To leading o rde r  in energy no in te r fe rence  t e r m s  between natural  and un-  
na tura l  par i ty  exchanges in the t -channel  can be observed  in these exper i -  
ments .  

Finally,  the predic t ions  of var ious  models  ( J P  = 0 ± exchange, spin in- 
dependence,  helici ty conservat ion)  for  the spin density mat r ix  of the vec tor  
meson a re  given. 

2. FORMALISM 

In this sect ion the f o r m a l i s m  for  descr ib ing  the polar izat ion of the pho- 
ton 7 and the vec tor  meson V in reac t ion  (1) is developed. It will be a s -  
sumed that the t a rge t  nucleon is unpolar ized and that the polar izat ion of the 
recoi l ing  nucleon is not observed.  

2.1. No ta t ions  
The f o u r - m o m e n t a  of the incoming photon and the outgoing vec tor  meson 

in the c.m. will be denoted by k and q. We use  the cor responding  t h r ee -  
momentum vec to r s  k and q to define a r ight -handed coordinate  sys t em 

Z =  k y _  k x q  X =  ( k x q )  x k  

I k l '  [ k x q l  ' I ( k × q ) x k l  " 
The polar izat ion s ta tes  of the photon and the vec tor  meson a r e  expressed  
in t e r m s  of the i r  spin space density m a t r i c e s  P(7) and p(V). These  density 
m a t r i c e s  a re  connected by the production ampli tudes  T 

p(V)  = T p(y) T ~( , (2) 

which we wri te  in the c.m. helici ty represen ta t ion  of Jacob  and Wick [9] 

i ~ , " * . (3) 

kN'hyhNh y 

The X's denote the helicities of the respective particles of reaction (I); N is 
the normalization factor: 



PRODUCTION BY POLARIZED PHOTONS 399 

N = ½ E I Tk--kN'V 'kykN 12 (4) 

kVkN,kyk N 

The  no rma l i za t i on  of the ampl i tudes  T can be chosen such that  the p roduc -  
t ion c r o s s  sec t ion  for  unpo la r i zed  photons is given by 

de; ~unpol (21r~ 2 ! E ] TkvkN, ,kykN] 2 (5) 

d~- /  = \k--/ 4 kVkN,kyX N 

The decay d is t r ibut ion  of the vedtor  meson  will be d i s cus sed  in i ts  he l -  
ic i ty  sys t em:  The z d i rec t ion  is chosen opposi te  to the d i rec t ion  of the out-  
going nucleon in the V r e s t  s y s t e m  (i.e.,  equal to the d i rec t ion  of fl ight of 
the vec to r  meson  in the ove ra l l  c .m.  s y s t em) .  The y d i rec t ion  is  the n o r m a l  
to the product ion plane,  defined by the c r o s s  product  k x q of the t h r e e -  
m o m e n t a  of the vec to r  meson  and the photon. The x d i rec t ion  is  given by 
x = y x z.  The decay ang les  0, ~b a r e  defined as  the po la r  and az imutha l  
angles  of the unit vec t o r  a% which, in case  of a t w o - p a r t i c l e  decay of the 
vec to r  meson ,  denotes  the d i rec t ion  of fl ight of one of the decay p a r t i c l e s  
in the V r e s t  f r a m e .  (For  a t h r e e - p a r t i c l e  decay,  ~ is  equal to the n o r m a l  
to the decay plane in the V r e s t  f r a m e . )  

y .  (zxm x .  (zx~) 
cos0  : , . z  , c o s ~ b -  i z x g l l  , sin~b : [ZX2I[ 

The  G o t t f r i e d - J a e k s o n  s y s t e m  and the Adair  s y s t e m  which will be used  
in connect ion with the p red ic t ions  of va r ious  mode l s  d i f fer  f r o m  the hel ic i ty  
s y s t e m  only in the choice  of the z ax is .  In the G o t t f r i e d - J a c k s o n  s y s t e m ,  
the z ax is  is  equal to the d i rec t ion  of f l ight  of the incoming photon in the V 
r e s t  f r a m e .  In the Adair  s y s t e m  the z axis  is  equal to the d i rec t ion  of f l ight  
of the incoming photon in the c .m.  s y s t e m .  

2.2. General decay angular distribution of V -~ 2 pseudoscalar mesons and 
V --. 3 pseudoscalar mesons 

The decay angu la r  d is t r ibut ion  of the vec to r  meson  in i ts  r e s t  f r a m e  
reads :  

d N  = W ( c o s 0 , q S ) = M p O I ) M  ~f 
d cos  0 d~b 

= ~ ,  (O,dplMIkv)p(V)kVk~r(~r[M'~lO,dp>,,, (6) 

XV~-V 

where  M is  the decay ampl i tude  and 

(O,(pIMIkv) C N/C~ 1" 
= D~V0(q~ , 0, - q~) . (7) 

Note that  we cons ide r  V - d e c a y s  into sp in less  p a r t i c l e s  only. The quantity 
I C I 2 is  p ropor t iona l  to the V decay width [10]. Due to ro ta t ion  inva r i ance  
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C i s  i ndependen t  of X V. B e c a u s e  we c o n s i d e r  a n o r m a l i z e d  d e c a y  a n g u l a r  
d i s t r i b u t i o n ,  we s e t  C equa l  to one.  The  W i g n e r  r o t a t i o n  func t ions  D a r e  
g iven  by (sign conven t ion  of R o s e  [11]): 

1 D~O (~), O, - dp) = - ~ s in  0 e -i~b , 

D10 ((/5, 0, - qS) = cos  0 , 

1 1 D_10(qS, O, - ~b) = ~ s in  O e iq5 . (8) 

With the  he lp  of eq. (7), the  d e c a y  d i s t r i b u t i o n  (6) can  be w r i t t e n  

W(cos  0, ~b) : 3 XVXV~ 1 * D ~ 0 ( q 5  , - q~) (9) 4~ D~V0(~' 0, - ~) p(V)~v ~ 0, 

= p (V)XvXv , s ee  eq. (3) Us ing  the f ac t  tha t  p(V) i s  h e r m i t i a n  (p(V)~tVX~ r * , 

and  eq. (12) below) one ob ta in s  f r o m  (8) and (9): 

3 (½ ( P l l  + P - l - 1  ) sin2 0 + P00 c ° s2  0 W(cos 0, ~,p(V)) = 

1 1 
+ ~  ( - R e P l  0 + R e P _ 1 0  ) s in 20 cos  ~b + - ~  (IMP10 + I m P _ 1 0  ) s i n 2 0  s in  ~b 

- R e P l _ l  s i n 2 0  cos2~b + I m P l _ l  s i n 2 0  sin2~b) , (10) 

w h e r e  on the  r h s  the l abe l  V has  been  o m i t t e d  f r o m  the p(V)ik. Thi s  g e n e -  
r a l  f o r m  of W wil l  be  s i m p l i f i e d  in s u b s e c t .  2.5 by us ing  the  s y m m e t r i e s  of 
p(V) which  fo l low f r o m  the p r o p e r t i e s  of P(7) and T.  

2.3.  Density matr ix  of  the photon 
The  dens i t y  m a t r i x  p p u r e ( y )  of p u r e  photon s t a t e s  can be c o n s t r u c t e d  

f r o m  the photon wave  func t ion  I~) in the  he l i c i t y  b a s i s  

[.y> : a+ lx .y  = +1> + a_ I,~, : - 1>, 
w h e r e  

=+1>12:  1 ,  la+l 2 + la_12 = 1 .  

T h e  r e s u l t  is :  

ppure(~) : = 
la+l 2 a+a* 
a_a: [a_[ 2 

(11) 

(12) 

In the case of circular  polarization and kY = + 1 and - I, one obtains 

o I (o and . ppu re (~ )  = 0 0 0 1 (13) 
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F o r  l i n e a r l y  p o l a r i z e d  photons  eq. (11) r e a d s :  

1 (e_i~ 1) e i~  [~> : - ~ Ix~ = + - l ~  = - 1>), (14) 

where • is the angle between the polarization vector of the photon, v = 
(cos 4~, sin4), 0), and the production plane (x, z plane) (note: our definition 
of • differs by a sign from~that of ref. [4]). The density matrix is 

1 - e -2 i~  
1 (15) ppure(7)  = ~ - e  2i~ 1 

F o r  e l l ip t i ca l ly  p o l a r i z e d  pho tons ,  eq. (11) r e a d s :  

17> =-ff2(a~+b2 ) {-(a+b)e-i¢lx7 = +1> + (a-b)ei¢lx ~ = -1>} , (16) 

w h e r e  a and b a r e  the l eng ths  of the p r i n c i p a l  axes  of the e l l ip se  and • is  
the a z i m u t h a l  ang le  of the p r i n c i p l e  ax is  a.  The  c o r r e s p o n d i n g  dens i ty  m a -  
t r i x  is  given by: 

( l+2aJ1~2a2  e-2 i4) (1-2a2) /  (17) 

ppure(v) = ½ e 2i¢ ( 1 - ~  2) 1 - 2 a ~  I ' 

with a,  b n o r m a l i z e d  to  a 2 + b 2 = 1. Obv ious ly  the  c a s e s  of c i r c u l a r l y  o r  
l i n e a r l y  p o l a r i z e d  pho tons  can be obta ined  by s p e c i a l i z i n g  eq. (17) to a = 
+ 1/~/2 o r  a = 1 r e s p e c t i v e l y .  

On the o the r  hand, i t  fo l lows  f r o m  eqs .  (13), (15) and (17) tha t  ppu re (7  ) 
f o r  e l l ip t i ca l ly  p o l a r i z e d  photons  can be wr i t t en  as  a l i nea r  combina t ion  of 
the  dens i ty  m a t r i c e s  f o r  photons  of l i n e a r  and c i r c u l a r  p o l a r i z a t i o n .  T h e r e -  
f o r e ,  e x p e r i m e n t s  with e l l ip t i ca l  p o l a r i z a t i o n  do not  y i e ld  m o r e  i n f o r m a -  
t ion  on the  he l i c i ty  a m p l i t u d e s  than a se t  of e x p e r i m e n t s  with l i n e a r  and c i r -  
c u l a r  p o l a r i z a t i o n .  The  e l l ip t i ca l  c a s e  wil l  not  be p u r s u e d  any f u r t h e r .  

We g e n e r a l i z e  t h e s e  r e s u l t s  to the c a s e  of p a r t i a l l y  p o l a r i z e d  photons  
and put t h e m  into  a s t a n d a r d  f o r m  by wr i t i ng  p (7) a s  a l i nea r  comb ina t i on  of 
the m a t r i c e s  I, (Yi (i = 1, 2, 3), which  f r o m  a c o m p l e t e  se t  in the s p a c e  of 
2 × 2 h e r m i t i a n  m a t r i c e s  

p(~) = ½1 + ½ p~ . a ,  (18) 

w h e r e  I is  the 2 x 2 uni t  m a t r i x ,  ai a r e  the t h r e e  Pau l i  m a t r i c e s .  The  
length  1°7 of the t h r e e - v e c t o r  P~ is equal  to  the d e g r e e  of p o l a r i z a t i o n .  The  
d i r e c t i o n  of PV depends  on the kind of p o l a r i z a t i o n ,  e .g.  ( f rom eqs .  (13) 
and (15)): 

p~ = P~(0, 0 ,~  1) 

/)7 = PT(-  cos  2~,  - s in  2~,  0) (19) 

fo r  c i r c u l a r  p o l a r i z a t i o n  with )~Y = ± 1 and fo r  l i n e a r  p o l a r i z a t i o n  r e s p e c -  
t ive ly  with 0 --< P~ ~< 1. 
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2.4. Symmetry properties of the helicity amplitudes 
The s y m m e t r y  p roper t i e s  of the helicity ampli tudes imply s y m m e t r y  

re la t ions  for the densi ty mat r ix  p(V). With our choice of coordinate sys tem 
pari ty conservat ion leads for  react ion (1) to [9] 

T(O*)_XV_XN,,_Xy_XN = (-1)(~V-hN')-(~7 -~N) T(O*)XVXN,,XyXN , (20) 

with O* being the c.m. production angle. If only natural  (P = ( -1)J)  or only 
ulmatural  par i ty  (P = -( -  1) J) exchanges in the t-channel  contr ibute,  one has 
to leading o rder  in the energy of the incoming photon the additional symme-  
t ry  [8] 

T(O*)_kV~_N,,_kykN = ~ (-1)XV-XY T(O*)AVkN,,kyXN 

= ~: (-1) kv T(O*)XVAN,,kykN , (2'1) 

where  the upper  (lower) sign applies to natural  (unnatural) pari ty exchanges. 
Let TN(T U) be that par t  of the helicity ampli tude which r ece ives  contr i -  

butions only f rom natural  (unnatural) par i ty  exchanges in the t-channel 

T = T N + T U . (22) 

Using eq. (20) one can pro jec t  out T N and TU: 

T (N) (O*)AVkN, ,Ay~ N - ½ (T(O *)AVkN ' 'kykN ~= (- 1 ) kv T(O*) _kVkN, ' _AykN) (23) 

2.5. Standard decomposition of p (V) 
The density mat r ix  p (V) can be wri t ten in a form showing explicitly the 

dependence on the polar izat ion vec tor  Py. Defining $ 

(po, pOt)= T(½1,½~ot) T~ , ot = 1 ,2 ,3  , 

we find f rom eqs. (2) and (18) 

3 
PN) = p ° + ~  Cap a 

i=l 

The four hermit ian ma t r i ce s  pot, ~ = 0, 1, 2, 3 read  explicitly: 

0 1 p , - 
kVA V 2N kTAN,A N 

1 _  1 E 

kTAN,kN 

(24) 

(25) 

:~ Our pOt are essentially the P~h of Thews (ref. [4])with p0 pOh, p l  1 p2 
i z ~ c = = PTh' = 
PTh' I m p  = PTh" 

T T*, , (26a) 
kVk N, ,kyX N kV,X- N,,~-YX N 

TAV~N,,_XyX N T*A~.N, ,~.yXN, (26b) 
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2 i 
p , - ~ )~ TkVAN,,_AyA N T-*, - (26c) AVA V 2NA AN,A N ~ A  N,,AYA N ' 

= 1 ~ Ay TXVAN ,,AYA s Tk{TAN,* ,AA s . (26d) P vAv: 2 AAN,A 
Par i ty  conservat ion (eq. (20)) r educes  the number  of independent mat r ix  

e lements  

P~A' ( - I ? - A '  ~ = P-A-A' , ~ = 0, 1 , (27) 

(_l)X-X' PAX' = - P-A-A' , ~ = 2, 3 . (28) 

F r o m  t h e s e  e q u a t i o n s  a n d  the  h e r m i t i c i t y  o f  t h e  p(~(~ = 0, . . .  3) f o l l o w s  t h a t  
P? 1, Pl 1 1 a re  rea l  and p2 1, p3 1 purely  imaginary.  Because  the decay 
dl%-t¥ibut]on W in eq. (10) ]s~line-ar in p(V), the represen ta t ion  eq. (25) may 
be used  to decompose  W as  well: 

3 
W(cos O, ~, p) = W°(cos O, qS) + ~ P°tW°l (cos O, q~) , (29) 

(~=1 Y 

where  W a ( a  = 0 , . . .  3) is defined by eq. (10) with p rep laced  by pa:  

Wa(cos0 ,  q~) = W(cosO,(~,p °t) , ot = 0 , . . . 3  . (30) 

Because  of the s y m m e t r i e s  of the pa (eqs. (27) and (28)), the W a reduce  to: 

3 i 1 {(3p00-  1) cos 2 0 W°(cos 0, ~) = ~ (~( -p° 0) + 

-(2-Rep00 sin20 cos~b - p 0 _ l  s in20 cos2~b) , 

WI(cos  O, qS) 3 (P I sin20 +P010 c°s20  P]oS 20 cos* = ~  

-P~-I sin20 cos2qS) , 

W2(cosO,qS) = ~ 3  (+~/~imp20 s in20 s i n ~  + I m p 2 _ l s i n 2 0  sin2~b) 

W3(cos0,~b) : 4~(+~/2Im p~0 sin20 sinqb +ImpS_ 1 sin20 sin2q~) . (31) 

Because p2, p3 have the same symmetries the structures of W2,W 3 are the 
same. wO,w i differ only insofar as for our choice of normalization trp 0= 1, 
whereas there is no trace condition for p l  For easy reference we list here 
the explicit forms of the decay angular distributions for the various photon 
polar iza t ions  by inser t ing ~ of eq. (19) into eq. (31): 
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(i) Unpolar ized photons.  F r o m  P7 = 0, one has 

wunp°l(cos ~, q)) = W0(cos O, ~) . (32) 

(ii) C i r cu la r  polar iza t ion  of hel ic i ty  )t 7 = ± 1: 

w~(cos e, ~) = w°(cos e, ~) • P~ w3(cos o, ~) 

(iii) L inea r  polar izat ion:  

wL(cos  0, (~, 4)) = W0(cos (~, qS) - P y  cos 24) w l ( co s  ~, qb) 

- Py sin 24) W2(cos ~, ~b) . 

(33) 

(34) 

The eqs. (27) and (28) hold in any coordinate  sys tem that can be r eached  
f rom  the hel ic i ty  sys tem by a rota t ion R around the no rma l  to the produc-  
tion plane, due to the s y m m e t r y  p rope r t i e s  of the rota t ion m a t r i c e s  dl(R). 
We sketch the proof,  e.g. ,  for  pO. In the ro ta ted  sys tem,  pO is given by: 

~o  ~ 1 o 1 
Prom' = dml_t (R)Putz 'd l . t 'm ' (R-1)  

I.t l.Z ' 

The following calculat ion shows the s y m m e t r y  p rope r ty  e q .  ( 2 7 )  to hold in 
the ro ta ted  coordinate  sys tem:  

~o ~ 1 o , 1 
= d_mt.z(R) P -m  -m '  PI.Lt.t' d-_ m' U '(R) 

I.Z l.t ' 

1 o d L , _ u , ( R  ) (_ l ) /z ' -m'  = ~ ( -1 )m- t ' t dm_u(R)pUU,  
gl.t' 

1 o d l ' -  U' (R) = (_1) m- re '  ~ dm_~t(R)P_~t_tz, 
tz/z' 

, ~ m - m V  ~ 0  
= t - l )  Prom' q . e . d . .  

Hence,  the s t r u c t u r e s  of the decay angular  dis t r ibut ions  given by eqs. (32), 
(33) and (34) r ema in  unchanged under  such a rotat ion.  

2.6. R e s t r i c t i o n s  on the va lues  o f  the dens i ty  m a t r i x  e l e m e n t s  
When ext rac t ing  the density ma t r ix  e lements  f rom exper imenta l  data by 

means  of f i ts ,  one should keep in mind that the i r  numer i ca l  values  a r e  r e -  
s t r i c t ed  by the following inequali t ies:  

Ip~x , [  2 ~< p~Xp~ ,x ,  ot = 0 , 1 , 2 , 3 ,  ( 3 5 )  
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3 

d e t p ( V )  = ~-/ ~ i  >~ 0 , (36) 
i = l  

3 

Tr  p(V) = ~ /1 i >/0 , (37) 
/ X °-~ 

~ d e t R ( V ) i i  = / l l g  2 + ~1/13 + /12/~ 3 >/ 0 , (38) 
i 

where the /1i, i = 1, 2, 3, a re  the eigenvalues of p(V), and R(V)i k denotes 
the adjoint of p(V)ik (the mat r ix  obtained by deleting the ith row and the kth 
column of p(V)). The eqs. (36)-(38) lead to the conditions 

p ( V ) x k  >/ 0 . (39)  

Equation (35) is obtained by applying the Schwarz inequality to the bi l inear  
express ion  in the helici ty ampli tudes for  the pe  (eq. (26)). The eqs. (36)-(38) 
a re  the n e c e s s a r y  and sufficient conditions for  posit ive defini teness of p(V) 
which is a consequence of the defining eq. (3). The inequali t ies following 
f rom eqs. (35) and (36) for the set of measurab le  p a r a m e t e r s  a re  given in 
table 2. The resu l t s  for pO have been obtained before  [12]. 

3. SEPARATION OF NATURAL AND UNNATURAL PARITY-EXCHANGE 
CONTRIBUTIONS 

How much informat ion can we gain on reac t ion  (1) f rom exper iments  
with po lar ized  photons, unpolar ized ta rge t  and recoi l  polar izat ion not be-  
ing detected? This question can now be answered  by simple p a r a m e t e r  
counting: The resu l t s  of these exper iments  can be descr ibed  in t e r m s  of 
p(V) and dc #anp°l, the production c r o s s  sect ion with unpolar ized  photons. 
F r o m  the s tandard  decomposi t ion of p(V) into p a ,  we find that p(V) is de-  
sc r ibed  by 17 independent functions,  of which eleven can actually be m e a s -  
u red  f rom the common decay modes p -~ 2~, w --* 3~ and q5 -~ KK (see table 
1). Hence one m e a s u r e s  a l together  12 independent quantit ies (one for 
do~np°l). On the other  hand, reac t ion  (1) is desc r ibed  by 12 independent 
complex ampli tudes,  i .e. ,  23 rea l  functions.  Never the less  exper iments  
with l inear ly  polar ized  photons provide an impor tant  new insight into the 
production p r o c e s s  of reac t ion  (1) because  they allow to measu re  the con- 
t r ibut ions  of natural  and unnatural  par i ty  exchange in the t -channel  to the 
mat r ix  e lements  of R e p  0, R e p  1, as will be shown in the following. How- 
ever ,  exper iments  with c i r cu la r ly  po lar ized  photons do not yield any in for -  
mation on the par i ty  of the t -channel  exchanges when the polar izat ion of the 
recoi l ing  nucleon is not measured .  

At high energ ies  the density mat r ix  e lements  of p~(V), (~ = 0, 1, 2, 3) 
can be wri t ten as a sum of two t e r m s  which rece ive  contr ibut ions f rom 
natura l  or  unnatural  par i ty  exchanges in the t -channel .  These  two t e r m s  
a re  themse lves  l inear  combinat ions of the p~ (the label V will be omit ted 
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Table 1 
The form of the density matrices p0, pI, p2, p3, making use of hermiticity and parity 

conservation. 

/½(1-/900) Rep00 + i Imp00 Re p0-1 I / 

I ' \ ½ (i  - p~o) 

P l l  R e P l  0 ImP10 Re 01_ 1 

pl 1 = Po0 -(Re pl l0-  i Im Pl0 ' 

/ 

2 Rep20 iim/320 i imp~ 1 ) P l l  + - 

2 p2 = 0 (Re/32 0 - i Im/310 ) , 

-p21 

3 + Im p3 0 i Imp3_1 \ P l l  Re p30 i _ _  

) 
3 

- P l l  

The underlined density matrix elements are measurable from the decay angular dis- 
tributions. The lower half of the matrices is obtained by hermitian conjugation. 

f rom now on). The separat ion is achieved by using the s y m m e t r y  proper ty  
(23). As an example we outline the proof for  pO. Inser t ing eq. (22) into the 
definition of pO (eq. (26)) one finds: 

+ U N* + U* Pkk'° _ 2N1 kI~XNXN'D [TNN,,X3/kN T;XN,,X.kN][T~,XN,X k N T;,XN,,X3/XN]. 

(40) 
The in te r fe rence  t e rm  between naturai  and unnatural  pari ty exchanges 
vanishes in the limit of high energies :  
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_ _  U *  + T U r a N *  • 
1 E (.TNN,,;~yXN TL,XN,,XyXN XXN,,XyXN ~k,XN,,XyXN ) 2N kykNkN ' 

= ~8N kTkNXN , ~  [ (TXkN,,kykN - (-1)k T-XXN,,-XyXN ) 

X (T;,XN,,kyXN + (-1) M T*X,XN,,_XXN) + (TXXN,,Xk N + (_1) k T_XXN, ,_xYXN) 

* 1 0 - , k - k '  0 X (T;,XN,,kyXN - (-1) -M T_X,XN,,_Xy;LN) ] = 2[Pxx' - (-[) O-X-X'I 

H e r e  eqs .  (23) and (27) w e r e  used .  F o r  pO one obta ins  t h e r e f o r e :  

w h e r e  

pO = pO(N) + pO(U) 

kk' 2N kykNkN , kk N' 'kykN --k' kN, ,kyk N " 

= 0 .  

(41) 

(42) 

(43) 

Table 2 
Restrictions on the density matr ix elements. 

0 ~<1 1. 0 --< P00 ' 

2. [ 0 t 1 , P~-l] "< ~( - Poo) 
~. <Re.O£ _< ~.Oo(~ _.o ° _ R e , ~ % ,  

, .  IImp~ ,I -< ~<,-.°o~, 
o pOo) 

~ l'4oL -< p°o, 

- P o o  ) , 

t 0 
9. IaeP~0[  < ' / ~ P 0 0 0 - p 0 0 )  , 

lo I Im~_lL ~ ~<1 p°o>, 
11. I Im.~ol ~ 4,:,°o~1-%°o~. 

12. (ReD00+RePll0)2"< 8[{" (2P00 - _ :LPl_l )} 

3 0 4- 1 {2/:)00 D00 P~I ,o10_1 a: 1 _{}2]  , - ~ + Pl -1  
13. it would be too tedious to write down this inequality. 
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Fo r  the contr ibut ions pO(N) and pO(U) of na tura l  and unnatural  par i ty  ex-  
changes to the densi ty ma t r ix  pO, one gets by a calculat ion s imi l a r  to that 
of eq. (41) 

o (N) 
PAA' = ½(P~x' :F (-1)Aplxx,)_ . 

N N N p0 (N)U 
Defining p 1 (U), p 2 ( U ), p 3 (U) analogous to (eq. (43)) 

p l  p l ( N ) + p l ( U )  _1 (N) ~ 1 
= = - ~ ( P A A '  ' PXX' 

p3 p3(N)+p3(U) 3(~ ) ~ 3 
= ' PAX' = ~(PAx' 

p2 p2(N) p2(U) _2 (N) 
= + ' PAA' = 

(44) 

one can show that: 

:F (-1)ApOAx,) , _  (45) 

+ i (-1)Ap2xA,)_ , (46) 

1 2 ~(PAA' l: i (-I)Ap3AM)_ . (47) 

Like the s y m m e t r i e s  following f rom par i ty  conserva t ion  the re la t ions  (43)- 
(47) hold in all  coordinate  sys t ems  that can be reached  f ro m  the hel ici ty 
sys tem by a rota t ion around the normal  of the product ion plane. 

F r o m  table 1 it  is evident that all e lements  of p0 and p l  which a r e  m e a s -  
u rab le  in the type of exper iments  d i scussed  he re  can be spli t  into thei r  
na tura l  and unnatural  par i ty  contr ibut ions,  as l i s ted in table 3. This  sepa-  
ra t ion is not poss ible  for  D 2 and p3 because  re la t ions  (46) and (47) connect  
measu rab l e  e lements  of p2 with unmeasurab le  e lements  of p3 and vice 
ve r s a .  It is worth noting that the (Lorentz- invar ian t )  eigenvalue (p01 +p0 ,) 
of p0 [13] can be d i rec t ly  decomposed  into its two t - c h a n n e l p a r i t y  par ts~-y ~ 
an exper iment  with l inear ly  po la r ized  photons measur ing  W L (eq. (34) at 

1 1 1 the angles 0 =~=, q~ = ~ ,  • = 0 , ~  ( s e e r e f .  [1]) 

Table 3 
Separation of natural and unnatural parity exchanges in the t-channel. 

o (N) o =F 1 
Poo =Poo Poo' 

-o(N) Rep~ 0 Re Pl0 = Re p00 =F 

o(~ ) 1 
P{.-1 = P1°-1 *P11 '  

0(Nu ) 
Pll  = ½(1-pO0) ~P~ - I '  

Re 

1 (N) * ~ o 
P00 =P00 P00'  

p 1(~) = ReP~0 =FRe 0 10 PZO ' 

1 (N) 1 :e 0 
P l t  = P l l  Pl-1 ' 

Z(N) 
p1-1 : p } l  p ° 0 )  

The expressions with the upper (lower) sign give the measurable natural (unnatural) 
parity contributions to the density matrix. 
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~ ±  = (P7 - 1) wL(0,  ½~r, ½~) + (PT+ 1) wL(0, ½~, 0) 

g,, (Py + 1) wL(0, ½7r, ½7r) + (Py - 1) wL(0,  ½~, 0) 

o07/ 
+ Pl -1  

0 (N) + p~ (N) 
Pll - I  

(48) 

The a s y m m e t r y  Per (parity a s y m m e t r y )  in the contr ibut ions o N and (r U of 
na tura l  and unnatural  par i ty  exchanges to the total c ros s  sect ion is given 
by (eq. (44)): 

N _~U 
(r i 1 (49) 

P~ - ffN+crU - 2P1-I - P00 " 

For completeness we also give the quantity ~ of ref. [I] in terms of the 
* D 

densi ty ma t r ix  e lements  

_ 0"11 -0"j_ 
0"11 +if.l_ 

1 wL(  O, ½7r, ½y) - wL(o,  ½~', O) 

Pv w L ( 0 , !  ! ~ , + w L ( 0 , 1  0) 211, 2 ) ~Ir, 

I 1 
Pl l  +PI-1 

p011 0 " + P l - 1  

(50) 

4. MODEL PREDICTIONS FOR THE DENSITY MATRIX ELEMENTS 

In this sect ion we rev iew the pred ic t ions  of var ious  models  for  reac t ion  
(1). Roughly speaking, these  models  may be divided into two c lasses :  

(i) t -channe l  exchange models  of e l emen ta ry  or  r egge ized  par t i c les ;  
(ii) Models insp i red  by the idea that v e c t o r - m e s o n  photoproduction p ro -  

ceeds  via diffract ion:  the spin independence model  (SIM of ref .  [14] and the 
hel ici ty conserv ing  model  (HCM). 
The J P  = 0 + exchange models  and SIM and HCM have in common that in a 
r e f e r e n c e  f r a m e  c h a r a c t e r i s t i c  to the pa r t i cu l a r  model ,  they pred ic t  that 
(a) the m a t r i c e s  p O p l  p2,  p3 a r e  independent of photon energy and p roduc-  
tion angle and (b) p0, p3 a r e  diagonal,  p l ,  p2 antidiagonal.  Th ese  p r o p e r t i e s  
a r e  a consequence of the s imple  spin s t r u c t u r e  of the c .m.  product ion a m -  
pli tudes in these  models :  

T m V raN, , m y  m N : t m N  m y 6m N, m N 5m V my " 

The m's  a r e  the spin pro jec t ions  in a r e f e r e n c e  sys tem appropr ia te  to the 
models :  (i) for  e l emen ta ry -  or  r e g g e i z e d - p a r t i c l e  exchange the t -channel  
c .m.  hel ic i ty  sys tem;  the v e c t o r - m e s o n  decay is analyzed in i ts  Got t f r ied-  
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J a c k s o n  s y s t e m  (GJ); (ii) f o r  SIM the  s - c h a n n e l  c .m.  s y s t e m  with q u a n t i z a -  
t ion ax is  a long  the d i r e c t i o n  of the  photon.  The  v e c t o r - m e s o n  decay  is a n a l -  
y z e d  in i t s  A d a i r  s y s t e m  (A); fo r  HCM the s - c h a l m e l  c . m .  he l i c i ty  s y s t e m .  
The  v e c t o r  m e s o n  decay  is a n a l y z e d  in i t s  he l ic i ty  s y s t e m  (H). The  dens i ty  
m a t r i c e s  in t h e s e  c o o r d i n a t e  s y s t e m s  r ead :  

(:0i) 000 
pO= 0 , = 0 0 0 , 

o o  o o -½ 

I!°!/ (!°o/ pl  = 0 , p2 = 0 . (51) 

0 0 0 / 

F o r  J P  = 0+(0 -) exchange  one has  a = ½ (a = - ½) (ref.  [15] $) and f o r  SIM one 
has  a = ½. In the  s p i r i t  of the  d i f f r ac t i on  idea  we a s s u m e  only n a t u r a l -  
p a r i t y  exchange  c o n t r i b u t i o n s  f o r  HCM and t h e r e f o r e  se t  a = ½. 

The  dens i ty  m a t r i c e s  given above  in the c h a r a c t e r i s t i c  s y s t e m s  of the  
m o d e l s  can  be  t r a n s f o r m e d  into the o the r  s y s t e m s  by r o t a t i o n s  a r o u n d  the 
n o r m a l  to the  p r o d u c t i o n  plane:  

A 
p = dl(aA__,S) p B dl(czA_+B)~ . (52) 

The  r o t a t i o n  ang l e s  a A ~ B  a r e :  

OtH_~G J = a r c o s  ( - f l - c o s O *  ] 
fl c o s O , _  1 j ' 

= O* (53) a H - ~ A  

w h e r e  O* is  the p r o d u c t i o n  ang le  and fl the v e l o c i t y  of the  v e c t o r  m e s o n  
both  eva lua t ed  in the  c . m .  

Wi th  the  s i m p l e  f o r m  of the dens i ty  m a t r i c e s  (eq. (51)) in mind ,  one can 
a sk  fo r  cond i t ions  u n d e r  which  the  dens i ty  m a t r i x  pO can be d i agona l i zed  by 
a r o t a t i o n  t h r o u g h  s o m e  angle  o~ a r o u n d  the  n o r m a l  to the p roduc t i on  plane:  

o a)a°~u d u ,  x, (a) (54) P~t~t' = d;t~ (- 8/1/1' " 

Eva lua t i ng  eq. (54) one f inds  tha t  such  an ang le  a ex i s t s  if 

(553) 

o o ..< i (55b) 
P l l  + P l - 1  ~ ' 

Absorptive correct ions to the elements of p0 and p l  have been given by refs. [3] 
and [15]. 
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2p0-1 

0"< 0 0 - 1  
3011 + 301-1 

--<1. (55c) 

The values of ~ and o a/~p are  
o 

1 P l -1  
tg(~ ~/2 Reo 0 

a~l  =.a°l_ 1 = 0 ~ 1 + 0  ° I - I '  

%0° : I - 2(o71 +07_I) • (56) 

In order that p l  can be antidiagonalized by the same rotation Ry(Ol), the 
following conditions have to be satisfied in addition: 

1 p l 0 +  30~1 1 + Pl-1  0 
010=  1 - 3(0~1+0~_1) P l 0 '  (57a) 

1 = p ~ l + p ~  0 p l 0 + 3 P ~ I + P ~ - I  (57b) 
Pl -1  - 1  - Pl-1  

1 - 3 ( P ~ l + P ~ _  1) 

The elements a l # g  of p I in its antidiagonalized form are 

1 + 2P~1 (58) a~_ l=  al_ll =P~l +P~_ 1 , alo =PO0 • 

To antidiagonalize p2 by the same rotation requires  

'm,}0 , 
- -  . 

,m, l 0 
(59) 

The elements of the antidiagonalized matr ix  are: 

o 

2 = Imp201 - 3011 - 301-1 
~ m a l - 1  -- -~ma2-11 - - o - -  ' a~0 = 0 .  (60) 

-P l -1  

In order  to diagonalize at the same t ime p3 requires  the two measurable  
matr ix  elements to be zero: 

ImPl _l Im  0=0 
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